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Abstract. We provide a universal de Rham model for rational G-equivariant cohomology 
theories for an arbitrary torus G. More precisely, we show that the representing category, of 
rational G-spectra, is Quillen equivalent to an explicit small and practical algebraic model. 
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Part 1. Overview and context 

1. Introduction 

l.A. Preamble. Cohomology theories are contravariant homotopy functors on topological 
spaces satisfying the Eilenberg-Steenrod axioms (except for the dimension axiom), and any 
cohomology theory E*{-) is represented by a homotopy theoretic spectrum E in the sense 
that E*{X) = [X,E]*. Accordingly, the category of spectra gives an embodiment of the 
category of cohomology theories in which one can do homotopy theory. The complexity of 
the homotopy theory of spectra is visible even in the homotopy endomorphisms of the unit 
object: this is the ring of stable homotopy groups of spheres, and this is so intricate that 
we cannot expect a complete analysis of the category of spectra in general. However, most 
of the complication comes from Z-torsion so we can simplify things by rationalizing. The 
resulting category of rational spectra represents cohomology theories with values in rational 
vector spaces. The simplicity of this rationalized category is apparent by Serre's theorem: 
the rationalization of the stable homotopy groups of spheres simply consists of Q in degree 0, 
and it is a small step to see that there is nothing more to the topology of rational cohomology 
theories than their graded rational vector space of coefficients. On the other hand, de Rham 
cohomology shows that a large amount of useful geometry remains even when we rationalize. 
Accordingly, the study of rational cohomology theories and rational spectra is both accessible 
and useful. 

These facts are well-known, and it is natural to ask what happens when we consider spaces 
with an action of a compact Lie group G. Once again, a G-equivariant cohomology theory is 
a contravariant homotopy functor on G-spaces satisfying suitable conditions, and each such 
G-equivariant cohomology theory is represented by a G-spectrum [22] • In the equivariant 
case, when we rationalize a G-spectrum, considerably more structure remains than in the 
non-equivariant case. It is natural to expect rational representation theory to play a role 
in understanding rational equivariant cohomology theories, and when G is finite this is the 
only ingredient. However in general, the other significant piece of structure is exemplified 
by the Localization Theorem: for a torus G this states that for finite complexes there is no 
difference between the Borel cohomology of a G-space and its G-fixed points once the Euler 
classes are inverted. These ingredients are used to build the algebraic model [TS] for rational 
G-spectra described in Section [2] below. 

The archetype for giving an algebraic model for the homotopy theory of topological origin is 
Quillen's analysis of simply connected rational spaces |39]. To prove the result he introduced 
the axiomatic framework of model categories which underly the homotopy category, and the 
notion of a Quillen equivalence between model categories preserving the homotopy theories. 
The use of these ideas is now widespread, and we refer to [27] and [26] for details. 

Our main result is a Quillen equivalence between the category of rational G-spectra for 
a torus G and an explicit and calculable algebraic model. In the course of our proof, we 
introduce a number of techniques of broader interest, in equivariant homotopy theory and 
in the theory of model categories. In the rest of the introduction, we give a little history, 
and then describe our results, methods and conventions. 
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l.B. Equivariant cohomology theories. Non-equivariantly, rational stable homotopy the- 
ory is very simple: the homotopy category of rational spectra is equivalent to the category 
of graded rational vector spaces, and all cohomology theories are ordinary in the sense that 
they are naturally equivalent to ordinary cohomology with coefficients in a graded vector 
space. The first author has conjectured [TT] that for each compact Lie group G, there is an 
abelian category A{G), so that the homotopy category of rational G-spectra is equivalent to 
the homotopy category of differential graded objects of A{G): 

Ho(G-spectra/Q) ~ Eo{DG - A{G)). 

In general terms, the objects of A{G) are sheaves of graded modules with additional structure 
over the space of closed subgroups of G, with the fibre over H giving information about 
the if- fixed points. The conjecture describes various properties of A{G), and in particular 
asserts that its injective dimension is equal to the rank of G. According to the conjecture one 
may therefore expect to make complete calculations in rational equivariant stable homotopy 
theory, and one can classify cohomology theories. Indeed, one can construct a cohomology 
theory by writing down a differential graded object in A{G): this is how S'0(2)-equivariant 
elliptic cohomology was constructed in [2D] , and it is hoped to construct cohomology theories 
associated to generic curves of higher genus in a similar way using the results of this paper. 

The conjecture is elementary for finite groups, where A{G) = Y[(H)'Q^GiH)-mod [22], 
where the product is over conjugacy classes of subgroups H and Wg{H) = Ng{H)/H. 
This means that any cohomology theory is again ordinary in the sense that it is a sum 
over conjugacy classes (H) of ordinary cohomology of the if-fixed points with coefficients 
in a graded QWG{H)-module. The conjecture has been proved for the rank 1 groups G = 
5*0(2), 0(2), 50(3) in [13 El US], where A{G) is more complicated. It is natural to go on 
to conjecture that the equivalence comes from a Quillen equivalence 

G-spectra/Q ~ DG - A{G), 

for suitable model structures. The second author has established this for G = 50(2) [45j . 
Barnes [3], H] has shown how to deduce it for G = 0(2) from a suitable proof for G = 50(2) 
(such as the one we use here). This earlier work relied on the particular simplicity of the 
case r = 1, and there is no prospect of extending the methods of [15| or [15| to higher rank. 
Indeed, even if one only wants an equivalence of triangulated categories, it appears essential 
to establish the Quillen equivalence when r > 2. 

I.e. The classification theorem. The present paper completes the programme begun in 
[T8| [T9] . The purpose of the series is to provide a small and calculable algebraic model for 
rational G-equivariant cohomology theories for a torus G of rank r > 0. Such cohomology 
theories are represented by rational G-spectra, and in this paper we show that the category 
of rational G-spectra is Quillen equivalent to the small and concrete abelian category A{G) 
introduced in pLSj (its definition and properties are summarized in Section [2]). The category 
A{G) is designed as a natural target of a homology theory 

TT'f : G-spectra — y A{G); 

the idea is that A{G) is a category of sheaves of modules, with the stalk over a closed 
subgroup H being the Borel cohomology of the geometric if-fixed point set with suitable 
coefficients. A main theorem of [TSj shows that A{G) is of finite injective dimension (shown 
in [19] to be r). 
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The main theorem of the present paper and the culmination of the series is as follows. 
Model structures will be described in Sections |3] and [16] below. 

Theorem 1.1. For any torus G, there is a Quillen equivalence 

G-spectra/Q DG - A{G) 
of model categories. In particular their homotopy categories are equivalent 

Ho{G- spectra/ Q) ~ Ho{DG - A{G)) 

as triangulated categories. 

Remark 1.2. The functors involved in these Quillen equivalences are monoidal, but their 
interaction with the model structures is not straightforward. For this reason, we plan to 
describe the extension of this result to Quillen equivalences on the associated categories of 
monoids elsewhere. 

Because of the nature of the theorem, it is easy to impose restrictions on the isotropy 
groups occurring in topology and algebra, and one may deduce versions of this theorem for 
categories of spectra with restricted isotropy groups. For example we recover a special case 
of the result of [23], which states that if G is any connected compact Lie group there is a 
Quillen equivalence 

free-G-spectra/Q DG-torsion-if*(i?G')-modules, 

with a quite different proof. The methods of the present paper are used to extend the result 
on free G-spectra to disconnected groups G in 

l.D. Applications. Beyond the obvious structural insight, the type of applications we an- 
ticipate may be seen from those already given for the circle group T (i.e., the case r = 1). 
For example [15] gives a classification of rational T-equivariant cohomology theories, a pre- 
cise formulation and proof of the rational T-equivariant Segal conjecture, and an algebraic 
analysis of existing theories, such as i^'-theory and the construction of topological cyclic from 
topological Hochschild homology. More significant is the construction in [20] of a rational 
equivariant cohomology theory associated to an eUiptic curve G over a Q-algebra, and the 
identification of a part of T-equivariant stable homotopy theory modelled on the derived 
category of sheaves over G. The philosophy in which equivariant cohomology theories corre- 
spond to algebraic groups is expounded in [2T], and there are encouraging signs suggesting 
that one may use the model described in the present paper to construct torus-equivariant 
cohomology theories associated to generic complex curves of higher genus. 

I.E. Outline of strategy. The proof is made possible by the apparatus of model categories 
and the existence of a good symmetric monoidal category of spectra, allowing us to talk 
about commutative ring spectra and modules over them. There are two other particular 
ingredients. The second author's results [46j gives Quillen equivalences between algebras 
over the Eilenberg-MacLane spectrum HQ and differential graded Q-algebras, and between 
the module categories of corresponding algebras; this allows us to pass from topology to 
algebra. Finally, the first author's [IB] defining the algebraic category A{G) provides an 
algebraic model and the Adams spectral sequence based on it gives a means for calculation 
in the homotopy category. 
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In outline, what we have to achieve is to move from the category of rational G-spectra to 
the category of DG objects of the abelian category A{G). There are five main stages to this. 

Isotropy separation: (Sections HI to [TOj) We replace the category of G-spectra, which 
is the category of modules over the sphere spectrum, by a category of diagrams of 
modules over commutative equivariant ring spectra. Each of these module categories 
captures information about subgroups with a specified identity component and the 
diagram shows how to reassemble this local information into a global spectrum. 

Removal of equivariance: (Sections [TT] to [T3|) At each point in the diagram, we re- 
place the category of modules over commutative ring G-spectra by a category of mod- 
ules over a commutative non-equivariant ring spectrum by passage to fixed points. 

Transition to algebra: (Section [T¥|) At each point in the diagram, we apply the sec- 
ond author's machinery to replace all the commutative ring spectra in the diagram 
by commutative DGAs, and the category of module spectra by the corresponding 
category of DG modules over the DGAs. 

Rigidity: (Section [T^ The commutative DGAs and the construction of the diagram is 
such that it is determined by the homology. Accordingly the diagram of commutative 
DGAs may be replaced by a diagram of commutative algebras. 

Simplification: (Sections [16] and [T7|) At each stage so far, we use cellularization to 
modify the model structures so that the homotopy category selects the localizing 
subcategory built from certain specified 'cells'. The final step is to replace this cellu- 
larization of the category of DG-modules over the diagram of commutative rings by a 
much smaller category of modules with special properties, so that no cellularization 
is necessary; this category turns out to be A{G). 

l.F. Highlights. Each of the above steps has some intrinsic interest outside the present 
project, and we highlight four significant ingredients. 

First, we use the Cellularization Principle. The idea is that a Quillen adjunction induces 
a Quillen equivalence between cellularized model categories; we may choose the collection of 
cells in either one of the categories, and then use their images in the other (see Proposition 
IA.6p . By choosing cells and their images, the cellularization of the adjunction induces a 
homotopy category level equivalence between the respective localizing subcategories. The 
hypotheses are mild, and it may appear like a tautology, but it has been useful innumerable 
times in the present paper and deserves emphasis. It can be directly compared to another 
extremely powerful formality, that a natural transformation of cohomology theories that is 
an isomorphism on spheres is an equivalence. 

Second, we make extensive use of categories of modules over diagrams of rings, and prove 
that up to Quillen equivalence and cellularization, we can omit entries in the diagram that 
can be filled in by extension of scalars or pullback. 

Third, the fact that if A is a ring G-spectrum, passage to Lewis-May i^-fixed points 
establishes a close relationship between the category of A-module G-spectra and the category 
of y4^-module G/i^-spectra. More precisely, we consider a Quillen adjunction 

A^jlK (■) : /l-'^-mod-GZ/^^-spectra , " /l-mod-G-spectra : {■)^ , 



and apply the Cellularization Principle IA.6I Other examples of this deserve investigation. 
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Finally, we note that at the centre of the proof is rigidity: any two model categories with 
suitable specified homotopy level properities are equivalent. This can be viewed as a recogni- 
tion principle: we recognize a topological model category as equivalent to an algebraic model 
because its homotopy category has the required homotopy level properties. We have used 
only one basic rigidity result: any two commutative DGAs which have the same polynomial 
cohomology are quasi-isomorphic. This elementary result has far reaching consequences. 
Our main use of it here is to patch together local rigidity results (each based on polynomial 
rings) to give a global rigidity result. In [23] we applied it to prove rigidity of Koszul duals. 
We also need a rigidity result for modules, that by an Adams spectral sequence argument, 
the standard cells are determined by their homology |18j 12.1]. 

l.G. Prospects. Based on the ideas of the present paper there is a clear strategy for es- 
tablishing an algebraic model for rational G-spectra for an arbitrary compact Lie group G. 
Rational G-spectra would be shown to be given by a G-sheaf of equivariant spectra over 
the space of closed subgroups, with some additional structure. In a suitable formal context 
and with checks on the continuity of various constructions, it would be sufficient to argue 
stalkwise as follows. 

First, a G spectrum X corresponds to a G-sheaf M{X) of equivariant module spectra over 
a G-sheaf Rtop of equivariant ring spectra. Choosing a particular closed subgroup if, we note 
that it is fixed by the normalizer Ng{H), and the fibre Rtop{H) over H is an NG{H)-Tmg 

spectrum, with M{X)h a module NG{H)-spectrum over it. Passing to fixed points under 
H we obtain a WG{H)-spectTum. Passing to fixed points under the identity component 
Wg{H)i, we obtain a ring no{WG{H))-Tmg spectrum Rtop{H), and the corresponding fixed 

point spectrum M{X)h of M{X)h is a module over it. Note that now the only equivariance 
remaining is for the finite component group Tro{WG{H)), and since we are working over 
the rationals, it is easy to see this structure is equivalent to a suitable piece of rational 
representation theory. 

By the second author's theorem, this category of modules over the 7iQ{WG{H))-nng spec- 
trum Rtop{H) is equivalent to a category of sheaves of modules over a DGA Rt{H) with an 
action of 7ro{WG{H)) . By intrinsic formality of the cohomology of Rt{H) this is equivalent 
to a category of modules over the polynomial ring H*{BWg{H)i) with a twisted action of 

TloiWGiH)). 

Reassembling, we find that we now have an equivariant module over a sheaf Ra of rings, 
whose fibre over H is H*{BWg{H)i), and the fibre has an action of ttq{Wg{H))- Finally 
the cellularized algebraic category would be shown to be equivalent to a subcategory of the 
category of equivariant modules over the sheaf of rings. 

Evidently a substantial technical apparatus must be developed to implement this strategy. 
The resulting model would then give explicit calculations by choosing a suitable cover of the 
space of subgroups over each set of which the category of modules is well understood. By 
contrast, the method of the present paper takes advantage of the simple subgroup structure of 
tori to combine the two steps, and to avoid the technical obstacles of dealing with equivariant 
spectra over a G-space. 

l.H. Relationship to other results. We should comment on the relationship between the 
strategy implemented here and that used for free spectra in [23j. Both strategies start with 
a category of G-spectra and end with a purely algebraic category, and the connection in 
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both relies on finding an intermediate category which is visibly rigid in the sense that it is 
determined by its homotopy category (the archetype of this is the category of modules over 
a commutative DGA with polynomial cohomology). 

The difference comes in the route taken. Roughly speaking, the strategy in [23] is to move 
to non-equi variant spectra as soon as possible, whereas that adopted here is to keep working 
in the ambient category of G-spectra for as long as possible. 

The advantage of the strategy of |2S| is that it is close to commutative algebra, and 
should be adaptable to proving uniqueness of other algebraic categories. However, it is 
hard to retain control of the monoidal structure, and adapting the method to deal with 
many isotropy groups makes the formal framework very complicated. This was our original 
approach to the result for tori. 

The present method appears to have several advantages. It uses fewer steps, and the 
monoidal structures are visible throughout. Furthermore, it reflects traditional approaches 
to the homotopy theory of G-spaces in that it displays the category of G-spectra as built 
from categories of spectra with restricted isotropy group using Borel cohomology. 

l.I. Conventions. Certain conventions are in force throughout the paper and the series. 
The most important is that everything is rational: henceforth all spectra and homology 
theories are rationalized without comment. For example, the category of rational G-spectra 
will now be denoted 'G-spectra'. Whenever possible we work in the derived category; for 
example, most equivalences are verified at this level. We also use the standard conventions 
that 'DC abbreviates 'differential graded' and that 'subgroup' means 'closed subgroup'. We 
attempt to let inclusion of subgroups follow the alphabet, so that G ^ H ^ K ^ L. We focus 
on homological (lower) degrees, with differentials reducing degrees; for clarity, cohomological 
(upper) degrees are called codegrees and may be converted to degrees by negation in the usual 
way. Finally, we write H*{X) for the unreduced cohomology of a space X with rational 
coefficients. 

We have adopted a number of more specific conventions in our choice of notation, and it 
may help the reader to be alerted to them. 

• There are several cases where we need to talk about ring G-spectra R and their fixed 
points R = (R)'^- The equivariant form is indicated by a tilde on the non-equivariant 
one. 

• We need to discuss rings in various categories of spectra, and then modules over them. 
Since it often needs to be made explicit, we write, for example, -R-module-G-spectra 
for the category of i?-modules in the category of G-spectra. 

• We will not usually make explicit the universe over which our spectra are indexed. 
The default is that a category of G-spectra will be indexed over a complete G-universe, 
and we only highlight the universe in other cases or when it needs emphasis. 

• The purpose of this paper is to give an algebraic model of a topological phenomenon. 
Accordingly, characters arise in various worlds, and it is useful to know they play 
corresponding roles. We sometimes point this out by use of subscripts. For example 
Ra (with 'a' for 'algebra') might be a (conventional, graded) ring, Rtop its counterpart 
in spectra, Rtop its counterpart in G-spectra, and Rt a large and poorly understood 
DGA of topological origin. 
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• We often have to discuss diagrams of rings and diagrams of modules over them, but 
we will usually say that i? is a diagram of rings and M is an i?-module (leaving the 
fact that M is also a diagram to be deduced from the context). 

1. J. Organization of the paper. Sections [2] and [3] give background, recalling the definition 
of the algebraic model A{G) and basic facts about the ring G-spectra that we use. 

Section H] explains the key ingredients, and gives a complete outline in the simple case of 
the circle. 

Most of the rest of the paper is devoted to establishing the following sequence of Quillen 
equivalences, several of which are themselves zig-zags of simple Quillen equivalences. The 
cellularizations are all with respect to the images of the cells G/Hj^ for closed subgroups 
H, and the superscripts refer to two diagrams LI(G) C LCI(G') based on localization, 
completion and inflation. 

G-spectra ~ cell--Rj^p^^'^''-mod-G'-spectra y cell-i?^p'^'*-mod-G-spectra 

(3) 11 dLI(G) j , W 11 dLI(G) 1 

~ celi-it^op -mod-spectra ^ ceW-H^ -mod 

y cell-i?a^'''^^-mod y qce-i?a^'-'^''-mod = A{G) 

Sections [5] to [7] introduce the formalism for discussing modules over diagrams of rings; 
the particular diagrams LI(G),LC(G) and LCI(G) that we use are based on localization, 
completion and inflation. By way of example. Section [7] explains Equality (7) stating that 
A{G) can be viewed as a category of modules over LI(G). Section E] describes a general 
method for establishing that a restriction of diagrams gives a Quillen equivalence. The 
particular diagrams Rtop (of equivariant spectra) and Rtop (of non-equivariant spectra) are 
introduced in Section [91 

Sections [HI to [TOl use the formalism just introduced to establish Equivalences (1) and (2), 
showing that rational G-spectra are equivalent to a category of module spectra over an 
LI(G)-diagram Rtop of equivariant ring spectra. This completes the isotropy separation step 
of the proof. 

Until this point, all arguments and calculations are within the category of G-spectra. The 
remaining steps change ambient categories. We not only need to recognize the categories of 
modules, but we also need to recognize the cells we use to cellularize them. The fact that 
the natural cells G/H^ are characterized by their homology ( |18[ 12.1]) means that we do 
not need to comment further on the cells. 

Sections [TT] to dSl take the next step, establishing Equivalence (3), showing that pas- 
sage to fixed points gives an equivalence between the LI(G)-diagram of equivariant Rtop- 
module spectra and the LI(G)-diagram of modules over the split LI(G)-diagram Rtop of 
non-equivariant spectra (the notion of a split diagram is described in Section [T3|) . This 
completes the removal of equivariance step. 

In Section [TU it is explained that the second author's work establishes Equivalence (4) 
showing that the category of module spectra over this split LI(G)-diagram Rtop of ring 
spectra is equivalent to the category of modules over the split LI(G)-diagram of DGAs Rt- 
It is then quite straightforward to establish Equivalence (5), showing in Section US] that the 
split LI(G)-diagram Ra = H,,{Rt) is intrinsically formal, so that the category of modules 
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over Rt and Ra are equivalent. Finally Sections [16] and [T7] establish Equivalence (6), showing 
that the cellularization is equivalent to the particular category A{G) of i?a-niodules. 

Appendix |X] gives a brief account of the Cellularization Principle, Appendix IB] shows that 
the category of modules over a diagram of rings admits a diagram-injective model structure 
and Appendix O develops a doubly injective (i.e., in both the diagramatic and the algebraic 
senses) model structure on the category of modules over a diagram of DGAs. 

2. The algebraic model 

In this section we breifiy recall relevant results from [18j which constructs an abelian 
category A{G) giving an algebraic reflection of the structure of the category of G-spectra 
and an Adams spectral sequence based on it. The structures from that analysis will be 
relevant to much of what we do here. Section [7] rephrases the definition in terms of the 
diagrams of this paper, and in the process makes explicit some further details. 

2. A. Definition of the category. First we must construct the category A{G). For the 
purposes of this paper we view this as a category of modules over a diagram of rings. Consider 
a category D and a diagram of R with shape D. An i?-module is given by a diagram M such 
that M{x) is an i?(x)-module for each object x in D, and for every morphism a : x — )■ y in D, 
the map M(a) : M{x) — > M{y) is a module map over the ring map R{a) : R{x) — > R{y)- 
That is, we restrict scalars on M{y) over the map R{a) and ask that M{a) is an i?(x)-module 
map. See Subsection 15. Al for a more complete discussion. 

The shape of the diagram for A{G) is modeled on the partially ordered set ConnSub(G) 
of connected subgroups of G. To start with we consider the single graded ring 

0^=l[ H*iBG/F), 

where the product is over the family T of finite subgroups of G. To specify the value of 
the ring at a connected subgroup we use Euler classes: indeed if is a representation of 
G we may define c{y) G Ojr by specifying its components. In the factor corresponding to 
the finite subgroup F we take c{y){F) := c\vF\{y^) e H\^^\{BG/F) where C|vf|(\/^) is the 
classical Euler class of in ordinary rational cohomology. 

The diagram of rings Oj: is defined by the following functor on ConnSub(G) 

where Ek = {ciV) \ = 0} C Ojr is the multiplicative set of Euler classes of i^'-essential 
representations. Each of the Euler classes is a sum of homogeneous terms which have zero 
product with each other, and so this localization is again a graded ring. Next we consider 
the category of modules M over the diagram Ojr. Thus the value M{K) is a module over 
£]^^Ojr, and if L C i^, the structure map 

M(L) — > M{K) 

is a map of modules over the map 

of rings. Note this map of rings is a localization since = implies = so that 
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The category A{G) is a formed from a subcategory of the category of (!)jr-modules by 
adding structure. There are two requirements which we briefly indicate here. We make the 
necessary extra structure exphcit in Section [71 Firstly they must be quasi- coherent, in that 
they are determined by their value at the trivial subgroup 1 by the formula 

M{K) := £k'M{1). 

The second condition involves the relation between G and its quotients. Choosing a 
particular connected subgroup K, we consider the relationship between the group G with 
the collection of its finite subgroups and the quotient group G/K with the collection J^/K 
of its finite subgroups. For G we have the ring Ojr and for G/K we have the ring 

0^/K= n H*{BG/k) 

where we have identified finite subgroups of G/K with their inverse images in G, i.e., with 
subgroups K of G having identity component K. Combining the inflation maps associated 
to passing to quotients by K for individual groups, there is an inflation map 

The second condition is that the object should be extended, in the sense that for each 
connected subgroup K there is a specified isomorphism 

for some Cjr/x-module (p^M. These identifications should be compatible in the evident way 
when we have inclusions of connected subgroups. 

2.B. Connection with topology. The connection between G-spectra and A{G) is given 
by a functor 

: G-spectra — y A{G) 

with the exactness properties of a homology theory. It is rather easy to write down the value 
of the functor as a diagram of abelian groups. 

Definition 2.1. For a G-spectrum X we define 7i-f{X) on K by 

7rfiX){K) = 'k':{DE7+ a a X). 

Here EJ^j^ is the universal space for the family J-" of finite subgroups with a disjoint basepoint 
added and DEF^ = F{EJ^+, S'^) is its functional dual (the function G-spectrum of maps 
from EJ^jf. to 5°). The G-space 5'°°^(^) is defined by 

when K C H, so there is a map 5'°°^(^) — y gooV{H) inducing the map nf{X){K) — )■ 
^fiX){H). □ 

The definition of vr;^ (X) shows that quasi-coherence for 7r'f{X) is just a matter of under- 
standing Euler classes. The extendedness of 7!-f-{X) is a little more subtle, and will play a 
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significant role later. For the present, it follows from a construction of the geometric fixed 
point functor, and it turns out that we may take 

where is the geometric fixed point functor. 

To see that nf^X) is a module over (9, the key is to understand S^. 

Theorem 2.2. [18. 1.5] The image of in A{G) is the structure sheaf: 

Some additional work confirms that n-f has the appropriate behaviour. 

Corollary 2.3. [181 1.6] The functor n-f takes values in the abelian category A{G). 

2.C. The Adams spectral sequence. The homology theory n-f may be used as the basis 
of an Adams spectral sequence for calculating maps between rational G-spectra. The main 
theorem of [18j is as follows. 

Theorem 2.4. ( [18^ 9.1]^ For any rational G-spectra X and Y there is a natural Adams 
spectral sequence 

Ext*X^^^{rrf{X),7rf{Y))^[X,Y]l 

It is a finite spectral sequence concentrated in rows to r (the rank of G) and strongly con- 
vergent for all X and Y . □ 



This was what led us to attempt to prove the main theorem of the present paper, and 
many of the methods used to construct the Adams spectral sequence are adapted to the 
present work. Nonetheless, it appears that the only way we explicitly use the Adams spectral 
sequence is in the fact that cells are characterized by their homology. 

Corollary 2.5. [ISl 12.1] If X is a G-spectrum with nf{X) = nf{G/H+) then X ~ G/H+. 

The proof proceeds by giving an explicit resolution of 7ff{G/H+) in A{G), and then 
observing that this gives appropriate vanishing at the i?2-page so as to ensure an isomorphism 
7r^(A) = nfi^G/H^) lifts to a homotopy class of maps G/H^ — )■ X. Since n-f detects weak 
equivalences, this suffices. Evidently, this argument applies in any model category with a 
similar Adams spectral sequence. 

In the present paper, we often need to know how our chosen cells behave under functors 
between model categories. We will apply the corollary repeatedly to see that each cell maps 
to the obvious object up to equivalence. 

3. COCHAIN RING SPECTRA 

The purpose of this section is to discuss various choices of models for spectra. 

3. A. Spectra. We will work in the category of orthogonal G-spectra [36]. Our present proof 
is not especially sensitive to which model we use, but the transition from spectra to DGAs 
is a little simpler if we use orthogonal spectra. 
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3.B. The sphere spectrum. Just as abelian groups are Z-modules, giving Z a special 
role, so too spectra are modules over the sphere spectrum S. Although S is the suspension 
spectrum of S^, we will generally use the special notation S to emphasize its special role. 

We have already declared that we are working rationally, so that § will denote the rational 
sphere spectrum. There are various constructions of S, but we choose a localization in the 
category of commutative ring spectra. 

3.C. Choice of coefficients. Central to our formalism is that we consider 'rings of func- 
tions' on certain spaces, and then consider modules over these. In effect we take a suitable 
model for cochains on the space with coefficients in a ring. The purpose of the present sub- 
section is to describe the options, and explain why we end up simply using the functional 
dual DX — F{X, S) rather than one of the natural alternatives. 
If X is a G-space and A; is a ring G-spectrum then we may write 

C*(X;k) := DkX '.^ Fs(X,k) 

for the G-spectrum of functions from X to k. The first notation comes from the special 
case of an Eilenberg-MacLane spectrum, which gives a model for cohomology. The second 
notation comes from the special case k = E> oi the functional dual. This spectrum has a ring 
structure using the multiplication on k and the diagonal map of X. If A; is a commutative 
ring spectrum then so is C*{X; k). 

There are a number of related ring spectra of this form, and we briefiy discuss their 
properties before explaining which is most relevant to us. 

First, there is the rational sphere G-spectrum S, and then there are two Eilenberg-MacLane 
G-spectra associated to Green functors. The first Green functor is the Burnside functor A, 
whose value on G/H is the Burnside ring of H, and the second Green functor is the constant 
functor Q. 

To start with we observe that there are maps 

§ — >HA — > HQ 

of commutative ring G-spcctra where the first map kills higher homotopy groups and the 
second kills the augmentation ideal. This induces maps 

DgX — > DhkX — >■ DhqX. 

These arc very far from being equivalences in general. For the second map that is clear since 
A{G/H) 7^ Q if is a non-trivial finite subgroup. For the first, it is clear from the fact that 
S has non-trivial higher homotopy (even rationally) when G is not finite. 

Lemma 3.1. (i) If X is free, the above maps induce equivalences 

D§X ~ DhaX ~ DhqX. 
(a) If X has only finite isotropy, then the first map is an equivalence 

DsX ~ DhaX. 

Proof: For Part (i) we note that E>,HA and HQ all have non-equivariant homotopy Q in 
degree 0. 

For Part (ii), S is (rationally) an Eilenberg-MacLane spectrum for any finite group of 
equivariance. □ 
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The functor Dhq has the convenient property that 

{DHQXf = Dhq{X/G) 

for any space X. On the other hand, this lets us calculate values which show the functor is 
not the one we want to use (specifically, the homotopical analysis of [IB] makes clear that 
the homotopy groups of the cochains on EJ^+ should be those of D^EJ^^). Since we will in 
fact only apply the duality functor to spaces with finite isotropy, we could equally well apply 
the functor Dha- 

3.D. Choice of notation. Perhaps the most natural choice would be the notation C*{X] A). 
One argument against this is that some readers may be misled into thinking of a DGA, 
but in fact we avoided the notation on the grounds of brevity. We have chosen to write 
DX = D§X = F{X, §) since the notation for the functional dual is well-known and sugges- 
tive. 

3.E. Localizations. We now have commutative ring spectra DEJ-'^, and we also wish to 
consider various spectra DEJ^^ A S^^'^^'^ as commutative ring spectra, where 

VH=o 

Some care is necessary at this point. 

It is clear that 5*°°^*^^-' is a commutative ring up to homotopy, but it is not a strictly 
commutative ring for reasons described by [35j (or because it is incompatible with the exis- 
tence of multiplicative norm maps). However it is not hard to provide a substitute for this 
structure. A G-spectrum is an S'°°^*^^''-module up to homotopy if and only if it lies over 
H in the sense that it is i^-contractible if K ^ H (Subsection Ill.DI gives a more extended 
discussion). Similarly, any map of G-spectra over H is compatible up to homotopy with the 
action. Thus the category of G-spectra over H provides a well behaved substitute for the 
category of 5'°°^'''^'*-modules, and we will use the language of modules without comment. 
From the point of view of model structures, the category of spectra over H is obtained from 
all G-spectra by localization to invert the maps which become equivalences on smashing with 

On the other hand, we actually need to know that the ring structure on DEJ-'^ A 5'°°^*^^-' 
arising as the smash product has a strictly commutative model. To give a commutative 
model we start by noting that DEJ-'^ A 5"°°^'-^'' is the Bousfield localization of DEJ-'^ with 
respect to the DE J^+-module DEJ^+ A S°°^^"\ Next, we apply HH VIII.2.2] which states 
that we may Bousfield localize a commutative ring spectrum R with respect to an i?-cell 
module M to obtain a commutative ring spectrum Rm- Using [321 IV. 1.5] we may move 
between orthogonal spectra and EKMM spectra. Non-equivariantly, the condition that M 
should be an R-cell module is no essential restriction, but equivariantly it is significant, since 
modules R A G/if+ need not be built from R. In particular this explains why the result 
cannot be applied to i? = § and M = ^°°^(^^). 

It therefore remains to explain that DEJ-'^ A S°°^^^^ is a DEJ-'^-ceW module. Indeed, it 
is a homotopy direct limit of spectra DET^ A 5^, so the result follows from a lemma. 
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Lemma 3.2. For any complex representation V, the spectrum DEJ^^ A S is a finite wedge 
of suspensions of retracts of DEJ^j^. In particular, DEJ-"^ A is equivalent to a DET^-cell 
module. 

Proof: The proof is based on the Thorn isomorphism, which in turn comes from the sphtting 
EJ^^ ~ \/pE{F) [12j which immediately gives a sphtting of the dual as a product. 
Now suppose given a representation V and use the Thom isomorphism 

S'^ AE{F) ~ 5-1^^1 A 

for each finite subgroup F [18]. We divide the finite subgroups into sets according to 
dimc(V^^). Of course there are only finitely many of these, and we may apply the cor- 
responding orthogonal idempotents to consider the sets separately. 
For the class of F with dimc(V^) = k we have 

n DiE{F) A 5"^) ^ J:-' n D{E{F)), 

F F 

which is a suspension of a retract of DEJ^^. □ 

Finally, we will need to compare these two approaches to providing models, and we observe 
that they agree in the context where they both apply. In fact localization gives a ring 
homomorphism / : DEJ^^ — )■ DEJ-'^ AS°°^^^\ and extension and restriction of scalars give 
a Quillen pair 

: DEJ^+-mod-G-spectTa , DEF+ A S°°^(^)-mod-G-spectra : /* . 

By the universal property of localization, this gives a new Quillen pair which is in fact a 
Quillen equivalence 

DEJ^+-m.od-G-s^ectia./ H ~ DEJ^+ A ^°°^(^)-mod-G-spectra 

where the model category on the left is the localization of D£'J-'4.-mod-(j-spectra in which 
maps which become an equivalence on smashing with 5*°°^^^-' have been inverted. This 
construction becomes important in Section [91 

4. Hasse models 

Our overall strategy is to assemble a model for all G-spectra from models for G-spectra 
with geometric isotropy K as K ranges over all closed subgroups. In fact we will collect 
together information from all the isotropy groups with the same identity component, so 
the pieces to be assembled are indexed by the connected subgroups of G. We will describe 
the particular ingredients in more detail later in the spectral setting, but in this section we 
describe the general process of assembly in an algebraic setting. Since this algebraic setting 
is not necessary for the rest of the paper, we will not give full details. 

4. A. The classical case. The Hasse square lets us recover Z from the pullback square 

Z -Q 
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Applying the same process allows us to recover any abelian group from the pullback square 

M -M®Q 



If M is finitely generated this can be obtained by completing and rationalizing M, but to 
get a pullback square for all M, the construction must be obtained by tensoring the square 
for the ring with M. 

This may be viewed as a means of reconstructing the entire category of abelian groups 
from the category of diagrams of modules over the diagram of rings 

Q 



n z 



4.B. General context. We want to apply this method more generally so we proceed as 
follows. Suppose given a commutative diagram 



R 



R" 



R' 



RK 



Delete R and consider the diagram 



R' 



R' \ 

g 



R" 



R' 



J 



with three objects. We may form the category i?^-mod of diagrams 

9 

a 

where M' is an i?'-module, M'^ is an i^'^-module, M* is an i?*-module and the maps g and d 
are module maps over the corresponding maps of rings. (See also Section TS.AI ) Since R^ is 
a diagram of i?-algebras, termwise tensor product gives a functor 

R-"®R ■■ -R-mod — )■ i?^-mod. 

Similarly, since R maps to the pullback PR^, pullback gives a functor 

P : i?-'-mod — y R-mod. 

It is easily verified that these give an adjoint pair 

R^®R : i?-mod , i?"-mod : P ■ 
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We may then consider the unit 



T] : M 



P{R' ®n M), 



and the first condition for it to be a natural isomorphism is that it should be so when M = R, 
which is to say the original diagram of rings is a puUback. It is quite easy to identify sufficient 
conditions for t] to be an isomorphism in general. First we require that the diagram is a 
pushout of modules, so that there is a long exact Tor sequence, and second that i?* is a flat 
i?-module so that the sequence is actually short. 

On the other hand, we cannot expect the counit of the adjunction to be an equivalence 
since we can add any module to M* without changing PM^. Accordingly, we need to find a 
way to focus attention on diagrams arising from actual i?-modules. 

4.C. Model structures. We now suppose that the commutative diagram given above is 
a diagram of DGAs and use i?-mod to denote the category of DG i?-modules. We give it 
the (algebraically) projective model structure, with homology isomorphisms as weak equiva- 
lences and fibrations the surjections. The cofibrations are retracts of relative cell complexes, 
where the spheres are shifted copies of R. The diagram category i?^-mod gets the diagram- 
injective model structure in which cofibrations and weak equivalences are maps which have 
this property objectwise; the fibrant objects have 7 and 5 surjective. This diagram-injective 
model structure is shown to exist for ring spectra in Theorem IB.lt ^ind the same proof works 



Since extension of scalars is a left Quillen functor for the (algebraically) projective model 
structure for any map of DGAs, R^ ®r — also preserves cofibrations and weak equivalences 
and is therefore also a left Quillen functor. We then apply the Cellularization Principle 
(Appendix to obtain the following result. 

Proposition 4.1. Assume given a commutative square of DGAs which is a homotopy pull- 
back. The adjunction induces a Quillen equivalence 



where cellularization is with respect to the image, R^ , of the generating R-module R. 

Proof: We apply Proposition IA.6| which states that if we cellularize the model categories 
with respect to corresponding sets of objects, we obtain a Quillen equivalence. The argument 
is described in greater generality and more detail in Proposition IB. 41 

In the present case, we cellularize with respect to the single i?-module R on the left, and 
the corresponding diagram R^ on the right. Since the original diagram of rings is a homotopy 
pullback, the unit of the adjunction is an equivalence for R, and we see that the generator 
R and the generator R^ correspond under the equivalence, as required in the hypothesis in 
Part (2) of Proposition IA.6I 

Since R is cofibrant and generates i?-mod, cellularization with respect to R has no effect 
on i?-mod and we obtain the stated equivalence with the cellularization of -R-'-mod with 
respect to the diagram coming from R. □ 



for DGAs. 
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4.D. The case of the circle. It is worth introducing our results on G-spectra with the 
special case of the circle group G = T because the diagram of ring spectra is just as simple 
as the classical case of the Hasse square considered in Subsection I4.AI Indeed, the diagram 
analogous to the starting diagram of rings is 

S 

DEJ^+ DET+ A E 

although EJ^ is not in fact a strictly commutative ring. This is a homotopy pullback square 
because the map between the fibres of the two horizontals is A -EJ-^ — > DEJ^^ A -E-T^, 
which is an equivalence since EJ^^ — y is an J-'-equivalence. We may replace this diagram 
by a diagram in which the horizontal is a fibration of ring T-spectra, and the vertical is a 
fibration, and we write for the resulting diagram 

EJ' 

DEF+ ^ DE7+ A EJ^. 

Making explicit the adaption for the fact that ET is not a ring, an i^^^p-module is a diagram 

' ■ 

w — ^ mk 

where M'^ is a Di?J-'+-module, M* is a DEJ^^ A i?J-'-module, M'^ — > M* is a map over 
DEJ^^ — > DEJ^^ A EJ^, and in fibrant diagrams is J-'-contractible. The existence of a 
diagram-injective type model structure on this category of modules is established in Theorem 
IB.ll The discussion proceeds exactly as in the algebraic case, but when we cellularize we 
must use a generating set, so we use the cells as H runs through all closed subgroups 

of T. 

Proposition 4.2. The adjunction induces a Quillen equivalence 

T-spectra cell-R'^p-mod-G-spectra. 

Proof: The proof precisely follows the algebraic case (Proposition 14. ip . To see that the unit 
is an equivalence for all cells G/H^ (and not just for 5*° = G/G+), we observe that smashing 
with G/H^ preserves homotopy pullback squares. □ 



Part 2. Formalities with diagrams 

5. Diagrams of rings and modules 

Throughout this paper we consider categories of modules over diagrams of rings in two 
contexts: differential graded modules over DGAs and module spectra over ring spectra. In 
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this section we introduce the relevant model structures and begin the discussion of cells and 
changing diagram shapes. In the last subsection, l5.Ft we briefly outline how these concepts 
flgure in the the following sections. 

5. A. The archetype. Given a diagram shape D, we may consider a diagram R : D — y C 
of rings in a category C. We may then consider the category of i?-modules. These will be 
diagrams M : D — > C in which M{x) is an i?(x)-module for each object x, and for every 
morphism a : x — y in D, the map M(a) : M{x) — > M{y) is a module map over the ring 
map R{a) : R{x) — > R{y)- 

Each map R{a) : R{x) — )■ R{y) gives rise to a restriction functor 

a* : R{y)-mod — )■ R{x)-m.od, 

which in turn has both a left adjoint 

R{y)-mod <^ -R(a;)-mod, 

deflned by a=i,(M^.) = R{y) ^r(x) and a right adjoint 

R{y)-mod -f— - R{x)-mod, 

deflned by a^XM^) = Homij(^)(i?(?/), M^.). 

Accordingly, when considering an i?-module, there are two ways to view the structure 
map M(a) : M{x) — > M{y). First we can view it as a map M{a) : M{x) — > a*M{y) of 
i?(x)-modules (the restriction model). Second we can consider its left adjunct 

M{a) : R{y) ^r^^) M{x) = a,M{x) M{y) 
as a map of modules over the ring R{y) (the extension of scalars model). 

5.B. A generalization. When considering diagrams of equivariant spectra, we will need to 
use a slight generalization of the archetype. Indeed, we begin with a diagram M : Y)°^ — > 
Cat of categories (the previous special case is M(x) = i?(x)-mod). Associated to each map 
a : X — )■ y we have a functor a* : M(|/) — )• M(x). We may then consider the category of 
M-diagrams, whose objects consist of an object M{x) from M(x) for each object x of D and 
a transitive system of morphisms 

M(a) : M{x) — > a*M{y) 

for each morphism a : x — > ?/ in D (the right adjoint form). If a* has a left adjoint a=K, we 
may consider the adjunct 

M(a) : a*M(x) — > M{y) 

(the left adjoint form) . 

5.C. Model structures. If we suppose that each category M(x) has a model structure, 
there are two ways to attempt to put a model structure on the category of M-diagrams 
{M{x)}xer>- The diagram-projective model structure (if it exists) has its flbrations and 
weak equivalences deflned objectwise. The diagram-injective model structure (if it exists) 
has its coflbrations and weak equivalences deflned objectwise. It must be checked in each 
particular case whether or not these speciflcations determine a model structure. When both 
model structures exist, it is clear that the identity functors deflne a Quillen equivalence 
between them. 
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Provided we require that the adjoint pair a* h a* of functors relating the model categories 
form a Quillen pair, for all diagrams that we consider Theorem IB.ll proves that both the 
diagram projective and diagram-injective model structures exist. 

5.D. Simple change of diagram equivalences. Returning to a diagram of modules over 
a diagram of rings, it often happens that if we specify the modules on just part of the 
diagram we can fill in the remaining entries in a canonical way. We will distinguish two 
types of examples: (1) where the diagram is filled in by extension of scalars (a left adjoint) 
and (2) where the diagram is filled in using a pullback (a right adjoint). In either case, 
this sometimes induces an equivalence between subcategories of modules over the larger and 
smaller diagrams. 

Example 5.1. The simplest example of (1) is the diagram R = {Ri — > R2) of rings. An 
i?-module gives rise to an i?i-module by evaluation at the first object. An i?i-module Mi 
give rise to the i?-module 

(R (g)R, Ml) = (i?i (g)R, Ml — > R2 ^R, Ml) . 

The discussion of Hasse squares in Section H] gives a good example of (2). 

More precisely, we suppose i : D — )• E is the inclusion of a sub diagram, and that 
R : E — > C is a diagram of rings. We may restrict i? to a diagram R\-£, : T) — y C, and this 
gives rise to a restriction functor 

i* : i?-mod — > R\D-mod. 
We discuss two cases, depending whether i* is a right or left adjoint. 

Case R. If i* is a right adjoint with left adjoint i^, and if there are diagram-pro jective 
model structures (with objectwise weak equivalences and fibrations) on the two categories, 
the adjunction (i*,i*) is a Quillen pair. Note that i^, necessarily leaves the entries in D 
unchanged, which is to say that the derived unit M — > i*i^M is an equivalence. 

Next, we suppose that we have a set V of cells in the category of i?|D-niodules. Given the 
existence of a left adjoint, this gives rise to a set of cells in the category of i?-modules. 
This automatically means that the collection of cells V coincides with the restrictions of the 
induced cells i*i^.V; in practice we often specify a set £ of cells a in the category of i?-modules 
and require that the derived counit i^:i*a — > a is a weak equivalence for all a, where the two 
constructions are related by P = i*£ and £ = z^.T'; we say that the set of cells £ is induced 
from T>. If we use cells T) for D and £ for E with £ induced from "D, the Cellularization 
Principle I A . 6 1 shows the original Quillen pair determines a Quillen equivalence on cellularized 
categories. Note, we are using Remark I A. 3 1 here to see that the cellularized model category 
depends only on the weak equivalence type of the chosen cells. Usually, we have particular 
sets of cells implicit, and if those in E are induced from those of D we say that D is right 
cellularly dense in E. 

Note that to check that D is right cellularly dense in E we need to check the derived 
counit i^:i*a — )• a is a weak equivalence for each cell a ^ £. Because we are using the 
diagram projective model structure, this is checked by verifying a condition at each point in 
the diagram, and this is automatic at points of D, so we only need to verify that fills in 
the values of a correctly at points of E that are not in D. 
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Case L. Similarly if i* is a left adjoint with right adjoint, i\, and both categories have 
diagram-injective model structures (with objectwise weak equivalences and cofibrations) then 
the adjunction is a Quillen pair. Note that i\ necessarily leaves the entries in D 

unchanged, which is to say that the derived counit i*i\M — > M is an equivalence. 

This time we use the right adjoint to specify a set i\V of cells in the category of i?-modules. 
This automatically means that the collection of cells V coincides with the restrictions of the 
induced cells i*i\V; in practice we often specify a set £ of cells a in the category of i?-modules 
and require that the derived unit a — > i\i*a is a weak equivalence for all a, where the two 
constructions are related by P = i*S and S = i\T>\ we say that the set of cells £ is extended 
from V. If we use cells V for D and S for E with S extended from P, the Cellularization 
Principle I A . 6 1 shows the original Quillen pair determines a Quillen equivalence on cellularized 
categories; see also Remark I A. 31 Usually, we have particular sets of cells implicit, and if those 
in E are extended from those of D we say that D is left cellularly dense in E. 

Note that to check that D is left cellularly dense in E we need to check the derived 
counit a — )■ i\i*a is a weak equivalence for each cell a & £. Because we are using the 
diagram injective model structure, this is checked by verifying a condition at each point in 
the diagram, and this is automatic at points of D, so we only need to verify that i\ fills in 
the values of a correctly at points of E that are not in D. 

5.E. Change of diagram equivalences. If there is a chain 

D = Do C Di C ■ ■ ■ C D„ = E 

of diagrams, with specified sets of cells in their diagram categories, and if at each step i* is 
either left or right cellularly dense, we say that D — )■ E is a dense inclusion. 

In this case most of the terms will be involved in both a left and a right dense inclusion, 
and therefore will be required to have both a projective and an injective model structure. 
These two model structures are equivalent by using the identity functor. Using these, and 
the Quillen equivalences from the simple cellularly dense inclusions, we obtain a Quillen 
equivalence 

cell-i?|D-niod ~ cell-i?|E-niod. 

Some of the restrictions are left Quillen functors and some are right Quillen functors, so this 
new equivalence is given by a zig-zag of simple Quillen equivalences. 

Our overall strategy for giving Quillen equivalences of diagram categories of modules will 
be to find a diagram E and two subcategories Di, D2, so that the maps 

Di — ^ E ^ — D2 

are both dense inclusions. This in turn will establish Quillen equivalences 

cell-i?|Di-niod ~ cell--R|E-niod ~ cell-i?|D2-niod. 

5.F. The strategy. We briefly explain how these ideas will be applied. There are a number 
of details that need to be explained, so this brief subsection necessarily omits many essential 
details. 

We begin in topology with the category of G-spectra as modules over the (single object) 
ring G-spectrum §. By extension of scalars we extend over a diagram Di = LC(G) in which 
the single object is initial. This is introduced in Subsection l6.Bt L stands for localization and 
C for completion. Next Di is cellularly dense in a large diagram E = LCI(G) introduced 
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in Subsection 16. D| the letters L and C stand for localization and completion as before, and 
I stands for inflation. There is a second cellularly dense diagram D2 = LI(G') discussed 
in Subsection 16. Et with L and I standing for localization and inflation as before. This 
shows that the category of rational G-spectra is equivalent to cellular objects in a category 
cell-i^J^p-mod-G-spectra of equivariant module spectra. This diagram of ring G-spectra is 
then of a suitable form to be compared, first (Theorem ll3.2l) to a diagram of non-equivariant 
ring spectra and then (in Section [T^ to a diagram of DGAs. 

The details will be filled in thoroughly: in Section |6] we introduce the diagrams we work 
with, in Section [7] it is explained that the category A{G) can be viewed as such a category 
of modules. After introducing some relevant equivariant homotopy theory and a diagram of 
G-spectra, we return in Section [TD] to give details of the density arguments. 

6. Diagrams of quotient groups 

As is usual in equivariant topology, we need to organize information associated to fixed 
point sets under closed subgroups, and this is done using various diagrams of subgroups. 
Although we could get away with simpler diagrams to begin with, it is much easier to 
explain the arguments if we have a consistent framework from the beginning. Accordingly, 
we spend this section introducing the diagrams LC(G), LI(G) and LCI(G) mentioned in 
Subsection 15. F[ These will be used to index our rings with many objects and associated 
categories of modules. 

We motivate the categories from the starting point of equivariant topology which will 
explain the words 'localization', 'completion' and 'inflation' and hence the names of the 
diagrams. From the point of view of equivariant topology, LC(G) seems sufficient in itself, 
but it is harmless to extend the diagram to LCI(G). Once this is done, we may describe the 
second subdiagram LI(G) needed in algebra (the reinterpretation of A{G) in these terms is 
described in Section [7]). 

6. A. Connected subgroups. Recall that our basic objects of study are G-equivariant co- 
homology theories, where G is a torus. The usual philosophy is that one should break down 
problems by isotropy groups. 

The first simplification is that because we are working rationally, it is possible to treat all 
subgroups with a fixed identity component K at the same time. Typically the subgroups 
with identity component K do not interact with each other, and typically they all behave 
much the same. 

The first consequence of this is to focus attention on the partially ordered set ConnSub(G) 
of connected subgroups of G. The second is that it is convenient to have the notation J-" for 
the set of finite subgroups, and more generally, J^/K for the set of subgroups with identity 
component K. 

6.B. The calculation scheme. When building a model of G-spectra we may imagine that 
we have already built a model for K-fixed point objects whenever K is a non-trivial connected 
subgroup (as above, this also provides the information for fixed points under all subgroups 
with identity component K). The point here is that G/K is then a torus of lower dimen- 
sion, which can be assumed understood by induction. This leads us to consider the poset 
ConnSub(G), where the non-trivial subgroups correspond to existing information, and the 
trivial subgroup to new information. Because the subgroup K indexes G/ii'-equivariant 
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information it is clearer to rename the objects and consider the poset ConnQuot(G) of 
quotients of G by connected subgroups, where the maps are the quotient maps. 

Because this is fundamental, we standardize the display so that ConnQuot(G) is arranged 
horizontally (i.e., in the x-direction), with quotients decreasing in size from G/1 at the left 
to G/G at the right. When G is the circle ConnQuot(G) = {G/l — > G/G} but when 
G is a torus of rank > 2 it has a unique initial object 1, a unique terminal object G, but 
infinitely many objects at every other level. This makes it harder to draw ConnQuot(G), 
so we will usually draw a diagram by choosing one or two representatives from each level, so 
that in rank r, the diagram ConnSub(G) is illustrated by 

G/l ^ G/H^ ^ G/H2 ^ G/Hr^^ G/G 

where Hi is an i-dimensional subtorus of G. 

This leaves the finite subgroups, which provide new information, which must be understood 
by other means. In fact this will amount to a generalization of the traditional method used for 
free spaces, namely the Borel construction. We represent this by the diagram 2 = {n — )■ c}, 
where we have chosen the letters n for 'natural' and c for 'complete'; we will use the letter 
a to indicate an unspecified choice of n and c. Here we will arrange the diagram in the 
^/-direction with n above c. 

This suggests we should consider the diagram 

LC(G) := ConnQuot(G) x {n — > c}. 

This is the basic array on which we represent all our information, so it is worth displaying 
the rank 2 case. In this picture x is horizontal and, as is usual when we only have x and y 
axes to draw, y is up the page 

(G/l,n) {G/H, n) (G/G,n). 



(G/l, c) (G/iJ, c) (G/G, c) 



Later, we will have x, y and z axes. Again we will use the usual convention: x will remain 
horizontal, y will be into the page, and z will be vertical. 

In effect the topological calculation scheme will start with the input data consisting of the 
c-row and the natural G- fixed entry (G/G, n), and reconstruct the rest of the entires from 
that. This is similar to what was done in Subsection 14. Dl for the circle group T. 



6.C. Inflation. Although the information at the vertices has come from quotients of G, 
the diagram LC(G) will typically be in a G-equivariant category. It is therefore convenient 
to extend the diagram in the z-direction by adding copies of the diagrams LC(G/L) for 
connected subgroups L. The z = Q level corresponds to G = G/l itself, and for each 
connected subgroup L, the G/L-equivariant information is represented at a suitable z level. 
It is helpful to think of placing the G/L information sX z = n when L is of dimension n. 

Of course the information above the point {G/ H, a) will only be relevant at z-levels G/K 
where K O H; we write {G/H,a)G/K for this point. The arrows are inflations 

v^j"^ : {G/H, a)G/K — > (G/H, a)G/L when L C K C H C G; 
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these are thought of as vertical since they change the z-coordinate. Note that in each such 
vertical column, there is a unique lowest entry {G / H, 0)0/1-, and a unique highest entry 
{G/H,a)G/H- 

6.D. The full diagram. The entire diagram LCI(G) has objects {G/K,a)G/L where a G 
{n, c} and L C is an inclusion of connected subgroups of G. There are three types of 
morphisms. The horizontal maps (increasing the x coordinate) 

/if : {G/K, a)G/L {G/H, a)G/L where LCKCHCG, 

vertical maps (decreasing the z coordinate) 

: {G/H, a)GiK {GIH, a)G/L where LCKCHCG 

and completions (changing the y cooordinate) 

K:{G/K,n)G/L^{G/K,c)G/L. 

We will introduce an LCI((j)-diagram of rings in Section [HI The fact that the horizontal 
maps are localizations, the vertical maps are inflations and the maps k are completions 
explains the names of the diagrams. 

6.E. The two subdiagrams. By construction we have already displayed the subdiagram 
LC(G) as given by the objects {G/H, 0)0/1 in LCI(G) with subscript the diagram 

contains the h and n structure maps corresponding to localization and completion. The 
resulting diagrams typically consist of G-equivariant objects, and we sometimes omit the 
subscript G/1 when the danger of confusion is small. 

The subdiagram LI(G') consists of objects {G/K, c)g/l in LCI(G') corresponding to 'com- 
plete' objects; the diagram contains the h and v structure maps corresponding to localiza- 
tion and inflation. We sometimes abbreviate this to {G/K)g/l when the context avoids 
confusion. Occasionally we even omit subscripts G/1, reflecting the fact that the points 
G/K = {G / K,c)g/i are the most important points in the diagram. 

Next we explain why 'LC{G) and LI(G) are cellularly dense in LCI(G'). Indeed, we will 
display a sequence of elementary dense inclusions. 

6.F. Density of LC(G'). The density of LC(G') in LCI(G') is actually rather routine. 

There are two types of extension. For clarity we may start from the diagram LCq(G) 
with the single object {G /l,n)G/i- Next, we fill in the rest of the z = face to obtain 
LCo(G) = LC(G) itself. 

We then repeat this layer by layer, so that LC*((j') consists of all subdiagrams 'LC{G / K) 
for dmi{K) < s together with {G / H,n)G/H for dim(if) = s, and LCs(G) consists of all 
subdiagrams 'LC{G / K) for dim(fC) < s. 

This gives the inclusions 

LC*(G) C LCo(G) C LC*(G) C LCi(G) C ■ ■ ■ C LC;(G) C LC,(G) = LCI(G). 

There are two types of inclusion 
Type LCI: For each s, the extension from LC*(G) to 'LQs{G) is a straightforward extension 
of scalars. Thus restriction is a right adjoint, and we need to use diagram-pro jective model 
structures. This case is discussed in more detail in Subsection 110. CI 

Type LC2: For each s, the passage from 'LCs{G) to LC*^^(G) involves using additional 
structure (a fixed point functor) special to the equivariant situation. In this case restriction is 
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a left adjoint, and we need to use diagram-injective model structures. This case is discussed 
in more detail in Subsection IIO.DI 

It may be helpful to illustrate the way diagrams are filled in with the rank 2 case. 

Example 6.1. When G is of rank 2, the part of the diagram LCI(G') with a chosen circle 
H is as follows. 

{G/G,c)g/g 




{G/G,n)G,G 



iG/H,c)G/H 



{G/H,n)G/H 



iG/G,c)G/H 



iG/G,n)G/H 



{G/1,c)g/i 



{G/H,c)g/i 



{G/G,c)g/i 



{G/l,n)G/i 



{G/H,n)G/i 



{G/G,n)G/i 



The order in which the entries are filled in is as illustrated below. Thus we start with the 
vertex marked 0*. The vertices marked on the plane z = are filled in by extension of 
scalars. The vertex 1* is filled in by using a fixed point functor from the entry below it. 
The vertices marked 1 are filled in by extension of scalars in the z = 1 plane. The entry 
marked 2* is filled in by using a fixed point functor from the entry 1 below it. Finally, the 
entry 2 is filled in by extension of scalars in the z = 2 plane. 





6.G. Density of LI(G'). The density of LI(G) in LCI(G) is a substantial and interesting 
result. In the general case, density is proved by the sequence of inclusions. 



Here LI°(G) = LI(G) consists of all the 'complete' entries with y = c, and LI°(G') adds 
on {G/G,n)G/G- At each subsequent stage LF(G') consists of all complete objects, together 
with all objects {G / H^n)G/K with codim(ir) < s. The diagram LI^(G) is obtained from 
LF(G') by adjoining all objects {G / K,n)G/K with codim(i^') = s. 

Type LIl: For each s, the extension from LI*^^(G) to LI'^(G) is an extension of scalars. 
Thus restriction is a right adjoint, and we need to use diagram- projective model structures. 
This case is discussed in more detail in Subsection 110. El 

Type LI2: For each s, the extension from 'LV{G) to LI^(G) is given by a pullback or 
'continuous pullback'. Of the four cases, this is the one with most real content, and it 
requires considerable discussion. 

In the simple pullback case, restriction is simply a left adjoint, and we need to use diagram- 
injective model structures. In the case of a continuous pullback, the inclusion needs to be 
further factorized as a composite of left and right Quillen functors. This case is discussed in 
more detail in Subsection 110. Fl 

It may be helpful to illustrate the way diagrams are filled in with the rank 2 case. 

Example 6.2. When G is of rank 2, we again work with the same part of the diagram 
LCI(G') with only one of the countable number of circle subgroups H displayed. The order 
in which the entries are filled in is as illustrated below. Thus we start with the vertices 
marked 0. The vertex marked 0* is isomorphic to the adjacent to it in the z = 2 plane. 
Now the vertex 1 below it is filled in by extension of scalars. The vertices 1* are filled in by 
pullback on the z = 1 plane. Each entry marked 2 is filled in by extension of scalars along 
the vertical above it. Finally the entry 2* is filled in by a certain 'continuous pullback' in 
the z = plane. 



Lr C LTi C LI^ C Lli C . . . C LF C LI^ = LCI(G). 








0* 













1* 



1 


















2* 



2 



1 
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7. The category A{G) as a category of modules 

For comparison with topological categories, we want to express the category A{G) as a 
category of modules over a diagram of rings. In the language of Section [6l we will introduce 
a diagram of rings based on the second subdiagram LI(G') of LCI(G) and show that A{G) 
is a cateogory of modules over it. 

7.A. The diagrams. We would like to relate the algebraic categories to the diagrams de- 
scribed in Section |6l Since the algebraic categories we consider consist of modules over the 
ring Ojr and its G/i^-equivariant counterpart O^jk as defined in Section [21 we are really 
thinking of modules over completed rings. Accordingly, we only need the completed part of 
the diagram LCI(G), which is to say LI(G), the part consisting of objects {G / H,c)g/k- 

To permit readers to read this section immediately after Section |2] we will define this sub- 
diagram LI(G) from scratch. We will abbreviate {G/H,c)g/k to {G/H)g/k and sometimes 
also abbreviate {G/H)g/i further to G/H. We follow the organization by x, y and z axis 
introduced in Subsection 16. Dl above. 

Definition 7.1. The diagram LI(G) of quotient pairs of G is the partially ordered set with 
objects {G/K)g/l for L C K C G, and with two types of morphisms. The horizontal 
morphisms (changing the x coordinate) 

: {G/K)g/l {G/H)g/l for LCKCHCG 

and the vertical morphisms (changing the z coordinate) 

: {G/H)g/k {G/H)g/l for LCKCHCG. 

In our principal example, the horizontal maps are localizations and the vertical maps are 
inflations, and this motivates the naming of the diagram. 

We will refer to the terms {G/H)g/l with codim(L) = dim(G/L) = d a.s the codimension 
d row, and to those with codim(if) = dim{G/H) = d a.s the codimension d column. The 
terms G/H = {G/H)g/i form the bottom row and the terms {G/L)g/l form the leading 
diagonal. 

By way of illustration, suppose G is of rank 2. The part of a diagram R : LI(G) — > C 
including only one circle subgroup K would then take the form 

R{G/G)g/g 
R{G/K)g/k R{G/G)g/k 

z 

R{G/1)g/i R{G/K)g/i R{G/G)g/i 

We think of the bottom row as consisting of the basic information, and the higher rows as 
adding minor refinements. The omission of brackets to write R{G / K)g/l = R{{G/K)g/l) 
is convenient and follows conventions common in equivariant topology. 
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7.B. The structure ring. One particular diagram of rings is of special significance for us. 

Definition 7.2. The algebraic structure diagram for G is the diagram of rings R = Oj-/ 
defined by 

R{G/K)g/l := S^%0^/L. 

Noting that since = implies = we see that Sh/l 5 ^k/l, it is legitimate to take 
the horizontal maps to be localizations 

G IL 

To define the vertical maps we begin with the infiation map inf,^^^ : Oj^/k — > Oj^/l, and 
then observe that if y is a representation of G/K with = 0, it may be regarded as 
a representation of G/L, and Euler classes correspond in the sense that mi{eG/KiV)) = 
eG/iiy)- We therefore obtain a map 

Illustrating this for a group G of rank 2 in the usual way, we obtain 



At the top right, of course Oj^jg = Q, but it clarifies the formalism to use the more compli- 
cated notation. 

7.C. The category of i?-modules. In discussing modules, we need to refer to the structure 
maps for rings, so for a O / -module M, if L C C if C G, we generically write 

: M{G/H)g/k M{G/H)g/l 
for the vertical map (i.e., changing the z coordinate), and 

af : E-]^Ot,l M{G/H)g/k = {v^).M{G/H)g/k ^ M{G/H)g/l 

for the associated map of Ojr/L-modules. Similarly, we generically write 

: M{G/K)g/l — ^ M{G/H)g/l 

for the horizontal map (changing the x coordinate), which we refer to as the basing map 
after [15], and 

/3f : E-^^MiG/K)G/L = {h^).M{G/K)G/L M{G/H)g/l 

for the associated map of £^^^^(9jF/i-modules. 

In our case the horizontal maps are simply localizations, so all maps in the G/L-row can 
reasonably be viewed as Ojr/i-module maps. On the other hand, the vertical maps increase 
the size of the rings, so it is convenient to replace the original diagram by the diagram in 
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which all vertical maps in the G/L column have had scalars extended to Sj^^Oj^. We refer 
to this as the a-diagram, and think of it as a diagram of Ojr-modules. 

Definition 7.3. If M is an i?-module, we say that M is extended if whenever L ^ K ^ H 
the vertical map is an extension of scalars along : £jjjp.Ojr/K — > £^^^^Cjr/L, which 
is to say that 

: S^}^0^/L M{G/H)g/k ^ M{G/H)g/l 

is an isomorphism of f^^y^OjF/L-naodules. 

If M is an i?-module, we say that M is quasi- coherent if whenever L <Z K (1 H the 
horizontal map is an extension of scalars along : S^^^^Oj^/l — )■ S^^^^Oj^/l, which is 
to say that 

/3f : S-^^M{G/K)g/l a M{G/H)g/l 

is an isomorphism. 

We write qc--R-mod, e-i?-mod and qce--R-mod for the full subcategories of i?-modules with 
the indicated properties. 

Next observe that the most significant part of the information in an extended object is 
displayed in its restriction to the leading diagonal. For example in our rank 2 example they 
take the form 

M{G/G)g/g 

^ MiG/K)G/K ^gU^^/k ^o,/a M{G/G)g/g 



M{G/1)g/i £k'0^ MiG/K)G/K £g'0^ ®o^/a M{G/G)g/g 

7.D. The category A{G) as a category of modules. We will typically abbreviate the 
previous diagram by just writing the final row. Thus, writing (p^M = M{G/ K)g/k, we 
obtain 

0iM £j,'0^ ®o^^, Ea'Or ®o^^a ^""M, 

leaving it implicit that the particular decomposition as a tensor product is part of the 
structure. This then corresponds to the notation for objects of .4(G) in [18] and Section [2] 
above. 

To make transition in the other direction explicit, we have a functor 

6 : .4(G) — > 0^/-mod 

defined by 

6iM)iG/K)G/L :=^^/^0^M. 
In particular, the two uses of the letter matches in the sense that 

(f)^5{M) = (f)^M. 

It is straightforward to encode the quasi-coherence condition of .4(G) in the horizontal maps 
and the extendedness in the vertical maps. 
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Lemma 7.4. The functor S takes objects of A{G) to quasicoherent eoctended objects of 
R-mod. □ 



Pcirt 3. Diagrams of G-spectra 

8. Diagrams and fixed points 

We will be assembling data about G-spectra from information about those with few 
isotropy groups. In this section we describe the basic process, which is conveniently done at 
the space level. 

8. A. Universal spaces. If /C is a family of subgroups (i.e., a set of subgroups closed under 
conjugation and passage to smaller subgroups), there is a universal space EK,, characterized 
up to equivalence by the fact that {EIC)^ is empty ii H ^ K and is contractible if if e /C. 
We write EK, for the unreduced suspension * EK,, so that there is a cofibre sequence 

E1C+ -^S° ^ EK. 

It is sometimes convenient to use specific models for these universal spaces. For example, 
if V is an orthogonal representation, we may write S{y) for the unit sphere and for the 
one-point compactification of V . We then find 

E1C=\J S{kV) and ElC=[j S^^ 

k>0 k>0 

where IC = {H\V" 0}. 

Finally, for normal subgroups H we define certain spaces E{H) by the cofibre sequence 

E[c H]+ — y E[C H]+ — y E{H). 

8.B. A convenient shorthand. Recall that the geometric fixed point functor extends the 
fixed point space functor in the sense that $^E°°y ~ T,°°{Y^). The isotropy groups of a 
based G-space are the subgroups so that the fixed points are non-trivial, so it is natural to 
consider a stable, homotopy invariant version: the geometric isotropy of a G-spectrum X is 
defined by 

gi{X) := {K I ^ *}. 

Certain G-spaces are useful in picking out isotropy information. The role of T in ET+ 
and ET is complementary: the geometric isotropy of ET+ is T and the geometric isotropy 
of EJ^ is the complement of J^. It will help clarify arguments if we make the connection 
with geometric isotropy more direct: for certain collections A/" of subgroups we will define a 
space or spectrum X[J\f] which captures the part of X with geometric isotropy in J\f. 

We are used to the idea of killing homotopy groups above some number to form a fibration 

X[n,oo) — >X — > A:(-oo,n- 1]. 

Each of the maps has a suitable universal property embodied in the axioms of a t-structure. 

Similarly, if C is a cofamily of subgroups (i.e., a set of subgroups closed under conjugation 
and passage to larger subgroups) we may kill homotopy groups of geometric X-fixed points 
for K in the complement of C and hence obtain a cofibration 

xic] -^X ^X[C]. 
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Notice that the first map is a (non-equivariant) equivalence in $^-fixcd points for K E 
and the second map is a (non-equivariant) equivalence in <l>''^-fixed points for K EC. In the 
standard notation 

X[C^] = X A E{C')+ and X[C] = X A E{C'). 

The existence of the smash product and the fact that it commutes with geometric fixed 
points means that the cofibration can be obtained by smashing X with 

This makes proofs of the results below very straightforward. 

Of course Adams's notation for Postnikov systems is routinely extended to 

X[m, n] — X{—oo, n][m, oo) ~ X[m, oo)(— oo, n]. 

It is well understood that this is not functorial, but that the object is well defined up to 
equivalence. 

Similarly for collections of subgroups. 

Lemma 8.1. If)C is a family of sugroups andC is a cofamily then there is a weak equivalence 

X[C][IC] X[)C][C]. 

Furthermore, if Kf is another family and C is another cofamily with C HK, — C r\)C' then 

X[C][/C] ~X[C'][/C']. □ 

This allows us to define analogues oi X[m,n\ for m < n. 

Definition 8.2. We say that jV" is a collection of subgroups has no gaps if it is closed under 
conjugation and \i L,H E N with L C H then if L C X C if then K E N. UN has no 
gaps we write 

X[U] :-X[/C][C] 
where /C and C are chosen so that M — ICnC. 
Remcirk 8.3. The point of this construction is that 



where the equivalences are non-equivariant. Thus XlN] is a version of X in which geometric 
isotropy outside M has been killed. 

Since is a unit for the smash product, we find the process is smashing in the sense that 

Example 8.4. We now have new names for a number of familiar objects which clarify their 
roles: 

5°[/C] = ^/C+, S\C\ = EC\ S^[H] = E{H). 
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8.C. Geometric fixed points. It is clear that for spaces X the inclusion X — > X induces 
an equivalence X^ A 5*° [3 H] — > X A S'^[D H]. When G is the torus there are particularly 
convenient models for 5*° [2 H] and S^['^ H]. 

Lemma 8.5. When G is a torus, there are equivalences 

H]^ [j S{V) and ^] = IJ . □ 

As a matter of notation, we write ooV{H) — ^vh=o ^^^^ ^® have 
and 

Prom this model it is easy to see that 5"°°^^^^ is a commutative ring up to homotopy. 

8.D. Continuous limits. We want to take limits and homotopy limits over parts of the 
diagram LI(G). These are infinite, but not in a very aggressive way. The real essence of 
the diagram is contained in the part generated by any r circles Li, L2, . . . , Lr which are in 
general position in the sense that G = Li x ■ ■ ■ x Lr, which is to say the part containing the 
objects {G/Lcr, a) where a C {1, . . . , r} and = Yliea 

In any case, we will be considering subdiagrams D of LI(G), which are closed under 
passage to larger subgroups. We write 1(D) for the set of objects initial in D (i.e., without 
a proper predecessor in D), and for any subset E C X(D) we write for the full diagram 
with objects 

ob(Ds) = {(L, I z e a) |aCE}. 
Definition 8.6. If F : D — y C, the continuous inverse limit of F over D is 

lim' F :— lim lim F, 

where S runs through the finite subsets of X(D). The definition of continuous homotopy 
inverse limits is precisely similar. 

Smash products and geometric fixed points do not behave well for homotopy inverse limits, 
but because they commute with sums, and finite products are sums, they do behave well for 
continuous limits. 

Lemma 8.7. Smash products and geometric fixed points commute with continuous homotopy 
inverse limits. □ 



8.E. Continuous limits and universal spaces. The following elementary space level 
result is a basic input. 

Lemma 8.8. The continuous homotopy pullback of the diagram S°°^^'^ restricted to the 
diagram A'"TConnSub(G) of non-trivial connected subgroups is ET: 

holim' gooV{H) _ ^-p 

<- //eAfrConnSub(G) 
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Proof: We verify this at the space level by considering fixed points. 

The continuous limit is the direct limit over finite initial sets S, which is to say over finite 
collections Li, . . . , of circles. If a C {1, . . . , s} we write 

L„ = {Li\i e a) 

for the subgroup generated by the corresponding subgroups. Now choose a closed subgroup 
K and consider geometric if-fixed points; as usual (5'°o^(^<^))^ is 5*0 li (1 K and is 
contractible otherwise. Evidently the fixed point set is precisely when cr is a non-empty 
subset of 

T.{K) := {z I C K]. 

In other words, we have a punctured cube with all vertices 5°, and by the inclusion-exclusion 
formula the homotopy limit is thus if S(i^) 7^ and contractible otherwise. It is clear 
that as E increases in size, so does so the maps of homotopy inverse limits are all 

equivalences once '^{K) 7^ 0. Since the finite subgroups are precisely those not containing a 
circle, the result follows. □ 



9. Hasse diagrams of ring G-spectra 

9. A. Diagrams of ring spectra. We are going to begin by describing a diagram of ring 
spectra modelled on 

LC(G) = ConnQuot(G) x — > c}. 
The most basic diagram of rings shaped on ConnSub(G) is 

goov{.) . ConnSub(G) G-spectra 

defined by 

S°°^^'\H) := S°°^^^\ 

For consistency with usage elsewhere we identify ConnSub(G) with ConnQuot(G) by 
taking each connected subgroup K to the quotient group G/K as usual. 

In the case when G is a circle, this diagram 5"° — > S°°^^'^'^ is the top (or 'natural') row 
of the Hasse square. We need to provide the counterpart of the second (or 'complete') row 
of the Hasse square as well. 

Definition 9.1. The isotropic Hasse diagram for the ring G-spectrum S'^ is the LC(G)- 
diagram of ring G-spectra obtained by smashing S°°^^'^ with — > DEJ-'^, and denoted 
Rtop- More precisely, 

Rtop{G/H,n) = and Rtop{G/H,c) = A DET+. 

As before, we must comment that the n values are only ring spectra up to homotopy. 

Just as we omitted the top left entry for a circle in Subsection 14. Dl we will show that the 
diagram can be reconstructed from a much smaller subdiagram in general. 

32 



Example 9.2. For example if r = 2 the diagram Rtop is 



5° 



(where the middle vertical is a representative for the countably many circle subgroups H of 
G) and this can be reconstructed even if we omit 5° and S°°^^^^ for all circles H. 

9.B. Model structures on diagrams. Now consider the LC(G')-diagrams of modules, in 
the light of the contents of Subsection I5.BI and Theorem IB.ll 

In all cases with a = c, Rtop{G/K, c) is a commutative ring spectrum and we use the usual 
projective model structure on RtopiG/ K, c)-modules. The localization maps RtopiG/ L, c) — > 
Rtop{,G/K,c) ioY L C K induce the Quillen pair on module categories given by restriction 
and extension of scalars. ^ 

In all cases with a = n, the category of Rtop{G/K, ?T,)-modules is by definition the category 
of G-spectra localized to invert maps which become equivalences when smashed with S°°'^^^\ 
All the localization maps are left Quillen functors. 

FinalUy the completion functors associated to the map Rtop(^G/L,Ti) — y RtQp(G/L,c) is 
a composite of two left Quillen functors 

G-spectra/L — > DEJ^-module-G-spectra/L — > 5'°^^(^) a DEJ^-module-G-spectra. 

The first is the localization of the extension of scalars along § — )■ DEJ^^ and the second 
(which is a Quillen equivalence) is induced from extension of scalars along DEJ^^ — )■ 
gooV{K) ^ which exists since 5°°^^^) A L'EJ'+-modules are local. 



9.C. Extensions of scalars. We have defined the isotropic Hasse diagram Ri^ := -Rjop, 
which is a diagram of G-spectra modelled on LC(G). We would like to incorporate the 
information from the quotients of G by connected subgroups in a larger diagram modelled 
on LCI(G). 

The first obstacle to this is that I^^^'^^^^ is a diagram of G/fT-spectra, so we need to 
pause to explain how the adjunction between inflation and Lewis-May fixed points allows us 
to make sense of this. Once again we use the formalism explained in Subsection 15. B[ Indeed, 
we must specify a (vertical, inflation) morphism t>f : {G / H,a)G/K — > {G / H, 0)0/1 with 
L(ZK (ZH (ZG. 

To start with, there is a Lewis-May i^/L-fixed point functor 

(■)^/-^ : G/L-spectra — )■ G/i^-spectra 

with inflation as a left adjoint. If we start with the ring G/L-spectrum Rtop{G/H, oJg/l we 
shall see in Section [11] that the fixed point functor extends to a functor 

^^/■^ : ^top(G/iJ, a)Gr/L-module-G/L-spectra — )■ [Rtop{G/H,a)G/L]'^^^-rriodule-G/K-spectTa 
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with inflation and extension of scalars giving a left adjoint. Thus, provided we can construct 
a ring map Rtop{G/H,a)G/K — > [Rtop{G / H , 0)0/ l]^ ^ ^ we obtain a left Quillen functor 

M.{G/H, a)G/K = -RtoplC/i?, a)G/it-mod-G'/-ft'-spectra — )■ 

Rtop{G/H, a)c</2.-niod-G'/L-spectra = ^^(G/K, 0)0/1 

which is the appropriate input to the model structures on M-diagram categories described 
in Theorem IB.ll It remains to construct the appropriate maps of rings (which is to say that 
in the case a = n we construct the corresponding map of model categories). 

On the a = n side of the diagram, we note that when L C K C H C G there is a map 

Rtop{G/H,n)G/K = mfi \J 5^) ^ ( |J S"^) = Rt^piG / H,n)G/L 

where V runs through representations oi G/K and W runs through the (larger) set of 
representations of G/L. If the rings in question had strictly commutative models we would 
combine extension of scalars with inflation, but instead we simply use the inflation functor 
from G/i^-spectra to G-spectra, and then localize to form the categories of spectra over H. 

Turning the a = c part of the diagram, we operate with a map of strictly commutative ring 
spectra. Recall that J-" denotes the family of flnite subgroups of G and that /K denotes 
the family of flnite subgroups oi G/ K. We shall see in Section [TT] that there is a map of ring 
G/i^'-spectra 



D{ET/K+) {DE7^ 



and an adjunct map 



miD{ET/K+) — > DEJ^^ 



of ring G-spectra. 

Combining all this, we may form the diagram R]^^^^"^^ of ring G-spectra modelled on 

LCI(G) by combining the diagrams and by Theorem ED we may put projective 

and injective models on the category of diagrams of modules. Note that for LI(G)-diagrams, 
all the rings are strictly commutative ring spectra, so each individual model category is an 
actual category of module spectra rather than a localization chosen to fulfll the role. 

Definition 9.3. The diagram R^^^^^^ is deflned by 



Rl';'^''\G/K,a)G/L := mf [C^^"^"^(G/ir, a 

where L ^ K (1 G and bars denote quotients by L. The horizontal maps and completion 
maps are inflations of those for the components Rg/l- The vertical maps are the maps just 
described. 
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Illustrating the LI(G')-diagram of rings for a group G of rank 2 in the usual way, we obtain 

miDEJ^/G+ 



MDET/K+ 5ooy(G/i^) /\ MDEJ^/K^ 



At the top right, of course EJ^/G+ = S^, but clarifies the formalism to use the more 
complicated notation. 

The following statement is that the resulting diagram is extended in the analogous sense 
to that in Subsection 17. C[ and that therefore the whole diagram Rf^^^'^^ contains little more 

information than the diagram Rf^^'^\ This is already rather obvious for the n face, where 
geometric fixed points explicitly recover the information for subquotients. Accordingly we 
can concentrate on the c face. We prove the result with an extra parameter spectrum X, to 
emphasize the link with Section [131 but with X = the result simply states that extension 
of scalars from each row, in the LI(G) diagram for Rfop gives the corresponding part of the 
next row. 

Lemma 9.4. There is an equivalence 

gooV(K) ^ j^^jr^ ^gooV{K) ^ DEJ^^) ®,,iDET/K+ mi{DEJ^/K+ A <I>^X) 

natural in X . 

Proof: We take the map DET/K+ — > {DET+)^, and smash with ^^X = AX)^ 
to obtain 

DEF/K+ A {DET+)^ A A Xf. 

Using the fact that taking Lewis-May fixed points is lax monoidal, we obtain a map 

DEJ^/K+ A — > {DEJ^+ A a X)^ . 

Taking adjoints and using the universal property of extension of scalars, we obtain a natural 
transformation of the indicated functors. 

To see this is an equivalence of functors we note that the right hand side is 

^gooV{K) ^ ®,r.iDET/K+ ini{DEJ^/K+) A iuf (<I>^X) ~ A DEJ^+) A inf ($^X), 

so this amounts to smashing the usual equivalence 

gooV{K) gooV{K) ^ 

with DET+. □ 



10. Filling in the blanks 



In this section we show that the category of G-spectra is equivalent to the cellularization 
of a category of modules over a diagram of ring G-spectra. 
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10. A. The theorem. We have now described an LCI((j)-diagram Rfop of equivariant spec- 
tra. The purpose of this section is to estabhsh the main diagram-theoretic QuiUen equiva- 
lence. 



Theorem 10.1. There is a Quillen equivalence 

G-spectra cell- R^Jp-mod-G- spectra, 
where cellularization is with respect to the image of the cells G/Hj^. 



The idea is that each side consists of modules over a diagram of ring G-spectra, with the 
usual interpretation via localizations for the part of the diagram indexed with n. Each of 
the two diagrams is a restriction of the single diagram LCI(G), and the two diagrams of 
rings are restrictions of a single LCI((j)-diagram Rtop of rings (on the left, the category 
of G-spectra comes from the diagram with the single object (G/l,n)G'/i and on the right, 
the diagram is LI(G)). We will show that the two subdiagrams are each cellularly dense in 
LCI(G) in the sense of Section |5l 

In fact, each of the cellularly dense inclusions is the composite of about 2r elementary 
cellularly dense inclusions, alternating left and right. Altogether, this means the equivalence 
in the theorem is a composite of about 8r simpler equivalences, each of which arises from 
either a right cellularly dense inclusion (essentially an extension of scalars), a left cellularly 
dense inclusion (essentially a pullback) or a change of models. We outlined this in Subsection 
15. Ft and we now provide more details. 

Indeed, we decomposed the inclusions into elementary inclusions of four types. Type LCI, 
Type LC2, Type LIl and Type LI2. We will treat these four cases in turn. As mentioned 
before, the last one (in which the diagram is filled in by a pullback) is the one with real 
content. 



Remark 10.2. The general proof of Theorem 110.11 given here may of course be applied to 
the case when G is the circle group and r = 1. The resulting equivalence involves more steps 
than that given in Section |H First, since the only non-trivial connected subgroup is G, we 
may restrict to the diagram LC(G) inside LCI(G). With this replacement, LI(G) is the 
Hasse fork. With this simplification, the present method involves comparisons 



I (G/l, 



v 



n] 



\ 



7 



/(G/l,n) -(G/G,n)\ 



4r- 



\ (G/l,c) -(G/G,c) / \{G/l, 

In Section H] the left and right diagrams were related directly. 



(G/G,n)\ 
(G/G, c) j 



10. B. The cells. To make sense of the strategy, we need to introduce the sets of cells. The 
cells are precisely those obtained from the orbits G/if+ in the category of G-spectra where 
H runs through the closed subgroups of G. The easiest way to explain this is to say that the 
cells in the LC(G)-diagram category are the objects of the form Rtop A G /H^, and for each 

layer 'LC{G/ K) we take Rtop A $'^(G/if+). For any of the subdiagrams D that we consider, 
we simply restrict these modules to the subdiagram. 

To see that the context is correct we need to see that for each elementary inclusion i : 
D — y E of subdiagrams, the cells over E come from D in the sense of Subsection 15. Dl 
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For the right cellularly dense inclusions we use the adjunction and we consider the 

counit i^i*a — > a. In effect we are considering a map Ri — )■ R2 and showing that the 
natural map 

R2 {Ri A G/H+) ^ i?2 A G/H+ 
is an equivalence. In this toy example it is obvious, and this is essentially the general case; 
we explain this more fully for LCI and LIl in the appropriate places below. 

For the left cellularly dense inclusions we use the adjunction and we consider the 

counit a — > i\i*a. In effect, a will be a diagram obtained from one of the form 

Ri — > R2 
I i 

i?3 )• Ri 

by smashing with G/H^. The restriction i*a is obtained by omitting the top left entry, and 
then i\i*a is obtained by filling in using the pullback. Thus the condition states that the 
square is a homotopy pullback. Since smashing with G/H^ preserves pullbacks, it suffices 
to check the case when G/H^ = S^. This is in effect what was originally motivated in 
Subsection 14. Dl and done in detail in Section [SI We comment further on the actual examples 
in the subsections on LC2 and LI2 below. 

10. C. Type LCI. We recall that for each s > 0, LC*(G') consists of all subdiagrams 
LC{G/K) for dim(JC) < s together with {G/H,n)G/H for dim(if) = s, and LCs(G') consists 
of all subdiagrams LC(G/i^) for dim(i^) < s. 
This gives the inclusion 

LC:(G) C LC,(G), 

which we may illustrate when the rank is 2 and s = 1 in the following diagram 



{G/H,n)G/H 



iG/l,c)G/i 




{G/G,c] 



G/l 



{G/l,n)G/i 



iG/H,n)G/i 



iG/G,n)G/i 



where the points marked + are in LCs(G') but not LC*(G'). 

For brevity we write RG* for the diagram of rings over LC*(G') and RGg for the diagram 
of rings over LCs(G'). Thus RG* is the restriction of RGs, and there is a corresponding 
restriction map 

res : i?Cs-mod — )■ i?C*-mod. 
The left adjoint takes an i?C*-module M to an i^C^-module RGs ®_r* M defined as follows. 
On objects {G/H,a)G/K with dim(i^r) < s there is no change, and if dim(i^) = s we note 
that there is an initial object amongst all those of the form {G/H, a)G/K'- indeed, there is a 
morphism 

{G/K,n)G/K-^{G/H,a)G/K 
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in 'LC{G/K). Accordingly, we may take 

{RCs ®Rct M){G/H,a)G/K := RCs{G / H,a)G/K ®RC.{G/K,n)a/K M{G/K,n)G/K. 

This immediately supplies all the morphisms between objects of 'LC{G/K). We also need 
to consider inflation maps, so we consider groups L (1 K ^ H and the associated vertical 
map {G/H,a)G/K — > {G/H,a)G/L- For this we consider the square 

M{G/K, n)G/K RC,{G/H, a)G/K ^RCs{G/K,n)a/K M{G/K, n)G/K 



M{G/K, n)GiL M(G/iJ, a)^/^ 

allowing us to deflne the vertical map by the universal property of extension of scalars. 
Lemma 10.3. There is a Quillen adjunction on the diagram-projective model structures. 

RCs ®Rc* (■) : RC*-mod \ " RG,-m,od : res 

This induces a Quillen equivalence on the associated cellularizations. 

cell-RC* -mod cell-RCg-mod 

This is a Quillen adjunction; res preserves weak equivalences and flbrations since they are 
deflned objectwise in the diagram-projective model structures. 

Finally, for cells the derived counit is the identity at all points of the smaller diagram 
LC*(G'), and at each point of the larger diagram it is exactly as in the toy model of 
Subsection 110. B[ Indeed, to deal with the point {G/H,a)G/K with dim(i^) = s we take 
i?i = RCs{G/K,n)G/K and R2 = RCs{G/H,a)G/K. 

10. D. Type LC2. For each s > 0, we recall that LC*+i(G') is obtained from LC^(G') by 
adjoining the objects {G/ K,n)G/K with dim{K) = s + 1. This gives the inclusion 

LCsiG) C LC:+i(G), 

which we may illustrate when the rank is 2 and s = in the following diagram 



(G/1,c)g/i 



iG/H,c)G/i 



(G/G 



{G/l,n)G/i 



{G/H,n)G/i 



{G/G,n)G/i 



where the point marked * is in LC*_,_]^(G') but not LCs(G'). 

Continuing with the notations -RCs and RG*^i for the diagrams of rings over LCs(G) and 
i^Cl^i^G), there is a corresponding restriction map 



res : RG*_^_i-mod - 
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-RC,-mod. 



This time wc need additional structure to supply an adjoint, and in our application, res is a 
left adjoint, with the right adjoint being given by a Lewis-May fixed point functor. Indeed, 
the right adjoint takes an i?Cs-module M to an i?C*_,_i-module defined as follows. On 
objects of \jCs{G) there is no change, and if (\im.{K) = s + 1 we take 

{^sM){GlK,n)G/K lim^ ^^^^ [M{G / K,n)G/L] ■ 

The morphisms between objects of LCs(G') are just as before. For the inflation maps we use 
the unit of the inflation flxed point adjunction. 

Lemma 10.4. There is a Quillen adjunction of the diagram-injective model structures. 

res : B.s-m,od ^ ' i i-fnod : 

This induces a Quillen equivalence on the associated cellularizations. 

cell-Rg-mod cell-R*^i-mod 

Proof: This is a Quillen adjunction; res preserves weak equivalences and cofibrations since 
they are defined objectwise in the diagram-injective model structures. 

Finally, we consider cells. The point here is that for any extended module, the limit 
diagram is constant. More specifically, the cells are RCg A X with X — G/J+ for some 
closed subgroup J and 

and therefore 

^^/^{RCs{G/K, n)G/L = ^^'^^^X = 

independent of L. Accordingly, 'ifs{RCs/\X){G/K,n)G/K, the limit of the constant diagram, 
is ^^X as required. □ 



10. E. Type LIl. We recall that for each s > 0, LI*(G) consists of all complete objects 
{G/H, c)g/k together with objects {G/H, n)G/K for codim(if) < s and the objects {G/H, n)G/H 
with codim(if) = s. The diagram \jV^^{G) is obtained from LI^(G) by adjoining all objects 
{G/ H,n)G/K with codim(i/) = s and codim(ii') > s. 
This gives the inclusion 



Li:(G) C Lr+\G), 
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which we may illustrate when the rank is 2 and s — 



1 in the following diagram 








+ ^ 

where the points marked + are in LF"'"^(G) but not LI^(G). 

For brevity wc write RI^ for the diagram of rings over LI^(G') and 7?/''+^ for the diagram 
of rings over LI*"'"^(G). Thus RI^ is the restriction of RP~^^, and there is a corresponding 
restriction map 

res : i?J*"'"^-mod — > Rl^-mod. 

The left adjoint takes an i?/^-modulc M to an i^f'+^-module i?/*"*"^ ^R/i ^ defined as 
follows. On complete objects, on objects {G/ H,n)G/K with codim(if) < s and on ob- 
jects {G/H,ri)G/H there is no change. On an object {G/H,ri)G/K with codim(i?) = s and 
codim(ir) > s, we take 



{Rr+' ®Ris M){G/H,n)G/K RI'-^\G/H,n)G/K '^Rii(G/H,n)a,„ M{G/H,n)G/H. 

This immediately supplies all vertical morphisms between objects. We also need to con- 
sider completion maps. For this we consider the square 



M{G/H,n)G/H 



M{G/H,c)g/h 



Rs{G/H, a)G/K ®R,(G/K,n)G/K M{G/K, n)G/K ^ M{G/H, c)g/k 

allowing us to define the lower horizontal map by the universal property of extension of 
scalars. 

Lemma 10.5. There is a Quillen adjunction on the diagram-pro jective model structures. 

RI'^^ ^RiS (•) : Rlt-mod^ ' RP+^-mod : res 

This induces a Quillen equivalence on the associated cellularizations. 

cell-RIl-mod cell-RP^^-mod 
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Proof: This is a Quillen adjunction; res preserves weak equivalences and fibrations since 
they are defined objectwise in the diagram-pro jective model structures. 

Finally, for cells the counit is the identity at all points of the smaller diagram LI*(G'), and 
at each point of the larger diagram it is exactly as in the toy model of Subsection llO.Bi In- 
deed, to deal with the point {G/H, n)G/K with codim(if) = s we take Ri = RI^{G/H, n)G/H 
and i?2 = RP+\G/H, n)G/K- □ 



10. F. Type LI2. We recall that for each s > 0, LI^(G) consists of all complete objects 
{G/H, c)g/k together with objects {G/H, n)G/K for cod\m{H) < s and the objects {G/H, n)G/H 
with codim(iJ) = s. The diagram LF(G) is obtained from LI^(G') by omitting all the objects 
{G/ H,n)G/H with codim(if) = s. 
This gives the inclusion 

Lr{G) C Li:(G), 

which we may illustrate when the rank is 2 and s = 2 in the following diagram 








0* 





where the point marked * is in LI^(G) but not LI^(G). 

We would like to fill in the additional objects by pullbacks, but this gives the wrong 
answer. Instead we use continuous pullbacks as described in Subsection 18. Dl However, to 
obtain adjoint pairs we need to factorize the functor into three. 

To explain this we need to introduce two intermediate categories. To start with, we 
consider various subdiagrams LI^(G). The indexing set F consists of a finite set of circles 
Li, L2, . . . , L„ in G. This gives rise to the set of F-generated subgroups, namely the sugbroups 
La '■= {La \ a E A) generated by the circles La as a runs through the subset A of F. More 
generally, the images in G/K of these F-generated subgroups of G will also be called F- 
generated. The diagram LI^(G) contains all complete objects {G/H,c)g/k and all objects 
{G/H,n)G/K in LF{G) where H/K is F-generated. The diagram hIlp{G) is obtained from 
LI^(G) by adjoining the objects {G/ H,n)G/H with codim(iir) = s. 
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Next we consider the category Rip-mod of modules over the restriction to LI|.(G). Note 
that ii F' C. F, there is a restriction functor 

Rip-mod — y RIp,-mod. 

Accordingly, we may consider the diagram category i?/jr-mod whose objects are systems 
{Mp}p, where Mp is an it!7|,- module, and if F' C F we have a map Mpi — > Mp of 
i?/|.,-modules. 

The diagram Rip is an LI^^(G)-diagram of rings, but it is not the restriction of R. 
Instead, it agrees with Rip over LI|.(G), and the remaining points are filled in by taking 
limits: 

RIp{G/K, n)G/K hm R{G/H, n)G/K. 

We may then consider the module category i?/^-mod. Again we note that if F' C F, there 
is a restriction functor 

i?/^-mod — > RIp,-mod. 

s 

Accordingly, we may consider the diagram category Rl-p-mod whose objects are systems 
{M^p}p, where M^p is an i?7 ^-module, and if F' C F we have a map M^pi — > M^p of 

s 

i?/^, -modules. 

- — - s 

This introduces the two intermediate categories i?/jr-mod and RI jr-mod, and we now turn 
to constructing adjunctions relating them. Just as we obtained RI p by filling in Rip using 
finite limits, we may do the same for modules. This gives an adjunction 

res : Rfp-mod c i?/^mod : Irni . 

As F varies, these adjunctions are compatible and fit together to give an adjunction 

res^ : ^^-mod . Rl^mod : lim-^ . 

We may now explain that the two new intermediate categories appear in the sequence 



resi res^ _^ F 

RP-mod ~ ^ i?/Jr-mod ^ - i?7j_mod ~ ^ Rl^-mod 

lim li^T resz 

of adjunctions (with left adjoints on top as usual). 

The first adjunction is the standard adjunction given by restriction and pullback. The 
central adjunction has been described. For the third adjunction, note that by the universal 
property of the inverse limit, there is a map RIlp — > Rip of diagrams of rings. This 
is compatible with the restriction maps arising from F' C F, and therefore gives a restriction 
functor resa as indicated. 

As for the model structures, each of the three are Quillen adjunctions when we use the ap- 
propriate models. The right hand adjunction requires projective model structures so that re- 
striction preserves the objectwise weak equivalences and fibrations. The left two adjunctions 
require injective model structures so that restriction preserves the objectwise weak equiva- 
lences and cofibrations. Then the overall zig-zag of Quillen equivalences involves a change 

s 

of models equivalence between projective and injective model structures on RI -^-mod. 
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lim 



Finally, we discuss cells. In all cases the cells are what we might call extended modules, 
which at each point are R A G/H+. However we need to bear in mind that over IjC{G / K) , 
geometric fixed points have been applied. 

For the first adjunction, the cells come from the diagram LI'*(G), and the values on LI^(G') 
are obtained by restriction: formally (resiM)(x) = M{x) whenever x lies in LI^(G). The 
comparison maps as F varies are thus the identity whenever they relate non-trivial entries. 

Accordingly, when we apply the right adjoint lim to resiM, at each point x we have a limit 

•f— 

over a system eventually constant at M{x), so the limit is the original value M{x). 

The second adjunction is rather trivial since the rings at the points {G/K,n)G/K are 
simply the limits over a finite diagram. Since the diagram is finite, these limits commute 
with smashing with G/H^, so the image of the cells of Rl^-mod are again the extended 
cells. 

Finally, the real content is in the third adjunction. We need to argue that the image of the 
extended cells of RI -p-mod are the extended cells of i?J^-mod. At each point {G/H,a)G/K 
of hI^{G) the relevant direct limits over F are eventually constant. 

This leaves the points {G/K,n)G/K on the diagonal. It is to deal with these that the 
continuous limits were introduced, and we may apply the work of Section [HI 

Proposition 10.6. This process recovers the correct top left hand entry: 
Rtop{G/K, n)G/K = holim' RtopiG/H, a)G/K- 

^ LCr (G)G/if 

Proof: First note that the diagram 'L(JI{G)g/k niay be identified with the inflation of 
'LC1{G / K)g/K) so that for notational simphcity we suppose K = 1. 

What we must show is that the cofibres of the two left-hand horizontals in the diagram 

oo ^ holim ^ooy(//) ^ 

<- HGConnSub(G)* + 



50 ^ jjEjr _^ holim ^-^(^) A DEJ^^ _^ ^eJ^ a DEJ^^ 

^ ^ HeConnSub(G) ^ ^ 

are equivalent. The calculation of the cofibres is immediate from Lemma [S3] since continuous 
inverse limits commute with smash products. The equivalence of the two cofibres follows 
since — > DEJ^^ is an J^-equivalence. □ 

To summarize, we have the following. 



Corollary 10.7. There are Quillen adjunctions 



lim 

resi res-'' _^ -» F 

RP-mod^^ Rl^-mod^ 7 RIj:-mod ~ ^ Rl'-mod 

lim Yim^ res3 



These adjunctions induce Quillen equivalences on the associated cellularizations. 
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Part 4. Removing equi variance 



11. Fixed point adjunctions for module categories 

We need to discuss passage to fixed points for modules, and it is convenient to collect 
together some generalities. Thus we suppose given a ring G-spectrum A, and we note that 
since Lewis-May fixed points are lax monoidal is a ring G/iiT-spectrum. 

We need to pass between A- module G-spectra and A^-module G/i^-spectra, and we begin 
by explaining this in some detail. 

11. A. Inflation and fixed points. First, we write tt : G — > G/K for the projection. 
Next, we suppose the G-spectra are indexed on the complete G-universe U, and we use 
as our complete G/i^- universe, writing i : — )■ U for the inclusion, so that we have an 
adjoint pair i^, h i* of change of universe functors. The basic change of group functor is 
inflation, 

inf = inf^/;^ : G/-R'-spectra/W'^ — > G-spectra/W 

defined by 

infF = Utt*Y. 

This is right adjoint to the Lewis-May fixed point functor 

LM^ : G-spectra/W — > G/iT-spectra/W^ 

defined by 

LM^{X) = {i*Xf, 

where (■)^ denotes termwise fixed points. Inflation and Lewis-May fixed points form a 
Quillen pair by [36, V.3.10]. 

It is usual to write for the Lewis-May fixed points, leaving the context to imply the 
restriction to a K-fixed universe, and we shall generally follow this convention. 

11. B. Inflation and fixed points for modules. Since passage to i^-fixed points is lax 
monoidal, the /^-fixed point spectrum of a ring G-spectrum A is a ring G/i^-spectrum and 
the i^'-fixed point spectrum of an A-module is an A^-module. Accordingly, we have a functor 

: A-mod-G-spectra — )■ A^-mod-G/f^-spectra, 

where \1/^M is viewed as an A-'^-module. The functor is also right adjoint. We will 
explain how to view the left adjoint as a composite of inflation and an extension of scalars. 
The purpose of the notation is to emphasize that we have not only taken i^-fixed points, 
but also changed the ring over which we take modules. We continue to write X^ for the 
underlying iiT-fixed point functor. 

First, we have explained that passage to Lewis-May iiT-fixed points is right adjoint to 
inflation. This lifts to an adjunction 

inf : A^-mod-G/fsT-spectra/W^' , inf A^-mod-G-spectra/W : LM^ . 

To explain, since inf is strong monoidal, inf A^ is a ring, and inflation takes A^-modules 
to inf A^-modules. On the other hand, since (■)^ is lax monoidal, it takes inf A^-modules 
to (inf A^)^-modules, which are then regarded as A^-modules, by restriction along the unit 
map 

r]:A^^ [miA^f. 
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Since the Lewis-May fixed points functor is a riglit Quillen functor on the underlying cat- 
egories of orthogonal spectra by [36^, V.3.10], this is a Quillen adjunction on the module 
categories by [36i III. 7. 6 (i)]. 

Second, inclusion of subspectra gives a ring map 

-K^A^ i*A, 

which corresponds to the counit 

e : iniA^ — > A. 

We therefore have by [361 HI. 7. 6 (vi)] an associated Quillen adjunction for restriction and 
extension of scalars: 

9^ : infA^-mod-G-spectra/W ^ A-mod-G-spectra/W : 9* . 

We summarize the discussion. 
Proposition 11.1. There is a Quillen adjunction 

A ^iniAt^' inf(-) : -m,nd-G I K -spectra A-mod-G -spectra : '^^ , 

where '^^{M) = viewed as an A^ -module. □ 



There are a number of interesting examples, and in some of those directly relevant to us 
the adjunction is a Quillen equivalence. 

Example 11.2. Perhaps the first example has A = S and K = G. We first observe that by 
Segal-tom Dieck splitting we have 

A^ BWG{Hf^''\ 

where L(H) is the representation on the tangent space to the identity coset of G/H. This 
is rather a complicated spectrum, and quite different from the sphere. 

When G is finite, and we work rationally, A^ is equivalent to a product of spheres indexed 
by the conjugacy classes of subgroups, in fact to the Eilenberg-MacLane spectrum for the 
rational Burnside ring. On the left, the rational Burnside ring has another role. Using 
its idempotents, the equivariant sphere 5"° also splits into pieces enS^ also corresponding to 
conjugacy classes of subgroups. However the Quillen adjunction is not a Quillen equivalence. 
Indeed, we see that the factors corresponding to H are usually inequivalent: the category 
of G-equivariant e/^-S'^-modules is equivalent to the category of QWG{H)-modvL\es, and the 
category of non-equivariant S'°-modules is equivalent to the category of Q- modules. If Wg{H) 
is non-trivial, there is more than one simple QWg{H) -module. The Cellularization Principle 
gives an equivalence between the trivial modules and A(G)-modules. 

When G is the circle group one does not get a Quillen equivalence either (by connectivity 
the counit is not an equivalence for a free cell 

Example 11.3. The first example of direct interest to us is A = 5*°°^^^^ with A^ = 5*°. We 
remind the reader that in this case A is not a ring, and that the category of A-modules means 
the category of G-spectra over K. We shall see that in this case the Quillen adjunction is a 
Quillen equivalence, as is familiar to devotees of geometric fixed points. 
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Example 11.4. An example of rather a different character is A = DEG+ with K = G and 
= DBG+. We shall see that in this case the Quillen adjunction is a Quillen equivalence. 
This might be called the Eilenberg-Moore equivalence, and may be viewed as the prototype 
for the strategy of the present paper. 

Example 11.5. Generalizing the previous example, we may take A = DEJ^^. This example 
is also discussed at length in the sequel. 

Example 11.6. Combining two of the previous examples, we reach A = DEJ-'^ A S°°^^^^ 
with A^ = DEJ^j^. This example is discussed at length in the sequel. 

ll.C. Towards Quillen equivalences. We would like to compare the category of module 
G-spectra over A to the category of module G/K-spectia. over A^ . The Quillen adjunction 
will generally not be a Quillen equivalence, but by the Cellularization Principle we will obtain 
some useful results. 

In somewhat simplified notation, consider the unit and counit of the derived adjunction 

rj-.Y — > {A ®infAif infy)^ and e : A Oinf^A- (infX^) — > X. 

We see that rj is an equivalence for Y = A^ and that e is an equivalence for X = A, so that 
we always have an equivalence 

y4-cell-y4-mod-G-spectra ^ A^-cell-A^-mod-G/ K-spectia. 

However, A is not usually a generator of the category of equivariant A-modules since we 
also need the modules of the form A A G/H^ for proper subgroups H, and similarly for 
74^-modules. 

The equivalences between cellularized categories are often interesting, but there are im- 
portant cases where sets of generators correspond under the adjunction. The Cellularization 
Principle gives an equivalence between cellularizations with respect to these sets of genera- 
tors. Since cellularization with respect to a set of generators has no effect, in this case we 
obtain an equivalence between A- module G-spectra and A^-module G / K-spectra. 

In the first case (see Subsection lll.D|) . we will use all the generators A^ A G/H^, and 



restrict A so that their images give a set of generators of the category of A-modules. In 
the second case (see Subsection 113. Bl) . we take K = G so that A*^ is the generator of the 
category of A'^-modules. There are then a number of special cases (for example when A is 
complex orientable and G is a torus) where A does generate all A-modules. 

11. D. Geometric fixed points for ring and module spectra. A very satisfying class 
of examples is a generalization of the basic property of geometric fixed point spectra. The 
contents of this section applies to any compact Lie group G and normal subgroup K, though 
in general 5'°^^*-'^^ must be replaced by E[^ K]. The relationship between Lewis-May fixed 
points and geometric points is decribed in [331 IIL9]. 

Recall that the geometric isotropy of a G-spectrum X is the set 

^X(X):={iJ|7r,($^X)^0} 

of subgroups contributing to the homotopy theory of X. We say that X lies over K if 
every subgroup in QX{X) contains K. It follows from the geometric fixed point Whitehead 
Theorem that X lies over K if and only if 

X ~ ^°°^(^) A X 
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that for any X 

gooV(K) gooV{K) ^ $^X, 

and that if Y lies over K then 

[X,Yf ^ [^^X,^^Yf/^. 
All of this generalizes easily to categories of modules. 

Theorem 11.7. If A is a ring G-spectrum concentrated over K then the Quillen adjunction 
of Proposition \11.1\ is a Quillen equivalence 

A-mod-G- spectra ~ A^ -mod-G / K -spectra. 

Remark 11.8. (i) If X is an A-module, then X is a retract of A A X, so that if A lies over 
K so too do its modules. 

(ii) If X lies over K then X^ ~ Accordingly A^ ~ ^^A and Lewis-May fixed 
points may be replaced by geometric fixed points throughout. 

(iii) It is appropriate to recall the well known equivalence 

G-spectra/fC ~ G / K-spectia. 

This can be included in the statement of the theorem if we permit A = S°°^^^\ Since A is 
not a ring spectrum we interpret A-module G-spectra as G-spectra over K in the usual way, 
and the category of module G / K-spectia. over A^ = is just the category of G / K-spectia. 

Proof: As explained in Subsection 111. CI above, we need only check that the unit and counit 
are equivalences, and this only needs to be done for generators of the categories. Before we 
do this, observe that since A is concentrated over K, 

A A X ~ A miA^ A inf <I>^X. 

For the unit, we need only check equivalence for Y = A^ A G/H^, where H runs through 
the closed subgroups of G = G/K. But in this case we have 

r]:A^ A G/H+ — ^ [A ®i„f^x inf (A^' A G/ll+)\ ^ . 

This map is obtained from the unit for Aq = 5'°°^('^) by extending scalars from Aq = 5° to 
A^ on both sides, and is therefore an equivalence. 

For the counit, we need only check equivalence for X = AAG/H+, where H runs through 
the closed subgroups of G. But in this case we have 

e : A ®i„fA^ inf [{A A G/H+)^] ^AA G/H+ 

This is obtained from the counit for Aq by extending scalars from Aq = S°°^^^^ to A = 
^ooViK) /\ ^ on both sides, and is therefore an equivalence. □ 



12. Vertices 

Section [9] shows that a G-spectrum can be built from a diagram whose vertices are module 
categories, and it is natural to ask what each module category contributes to the G-spectrum. 
In this section we shall see that on their own, the vertices each give enormous categories 
with little geometric significance. Only when combined with the rest of the diagram do they 
come under control. 
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12. A. Change of groups. To begin with, we have a completely satisfactory description of 
the piece at {G/K,n). Indeed, this is the special case A = Rtop{G / K,n) = S°°'^^^\ and 
= S^, which is dealt with in Remark 111.81 (iii); in the present language, it states that 
there is a Quillen equivalence 

S°°'^(^) -laod-G-spectia, ^ G / K-spectra. 

For the vertex {G/K, c), this step only goes part of the way. Applying Theorem 111.71 with 

A = Rtop{G/K, c) = A DEJ^+, 

we obtain a reduction to G/K-spectia. 

Corollary 12.1. There is a Quillen equivalence 

gooV{K) ^ DEJ^+-mod-G -spectra ~ DET+-mod-G / K -spectra. □ 

In order to use induction on the dimension of the group, we really want to express informa- 
tion at the [GjK^ c) vertex in terms of Di?J-'//r+-module G/i^'-spectra. Now there is a com- 
parison map DET jKj^ — )■ ^^DET^ of ring G/i^T-spectra, but the codomain is enormously 
bigger in the sense that on coefficients the map is OjjK — > ^k^Oj. This is quite well be- 
haved, in terms of flatness, but it is very far from being an equivalence. In effect we avoid the 
necessity of considering this, since the presence of the map Rtop{G / K.n) — > Rtop{G/K,c) 
lets us recognize modules induced from Di?J-'/i^'+-mod-(j/i^'-spectra. 

12. B. Almost free spectra. Arbitrary modules over the ring at {G/K,c) are not closely 
related to equivariant homotopy theory, but those which become trivial at {G/H,c) when 
H is strictly bigger than K (which we might call torsion modules) do have a geometric 
interpretation that we describe here. 

A G-space is said to be almost free if all isotropy groups are finite. Up to weak equivalence, 
these are the spaces so that the universal map induces an equivalence X ~ EJ^^ A X, and 
we use this to define geometrically almost free spectra. A suitable model may be obtained 
by taking all spectra and taking the weak equivalences to be maps which are F-equivalences 
for all finite subgroups F; see [361 IV. 6. 5]. 

Proposition 12.2. There are Quillen equivalences 

F / K -cell-D E F / K ^-mod-G / K -spectra ~ F / K -cell-G / K -spectra 

where cellularization on both sides is with respect to the images of the cells G/H with finite 
isotropy (i.e., with H G J^/K); the category on the right is that of almost free G/K-spectra. 

Proof: There is a ring map 

r/ : § — y DET/K+ 
This give an induction-restriction adjunction 

rj* : DEJ' / K+-mod-G/ K-spectia , ^ G / K-spectia : ?7* 

between categories of module G / K-spectia. The category of DEJ^ /K+-modn\es is enormous, 
having many objects which are not extended along rj from G/K-spectra, and the category 
of ^^Di^^J-li^-modules is even bigger. 
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On the other hand the relevant unit and counit of the adjunction are 

P — y DET/K+ A P and DEJ^/K+ AN — ^ A^, 

where P is an S-module and is an DET/K ^-module. Since EJ^/K^ is J-'/-ft'-equivalent 
to §, it is clear that the unit is an equivalence when P is built from cells G/K^ in J^/K, and 
that the counit is an equivalence when is built from cells DEJ^/K+A{G/K)/{K/K)+. □ 



13. Fixed point equivalences for module categories 

The next step is to replace the LI(G)-diagram Rtop of rings in the category of G-spectra 
by an LI(G)-diagram Rtop of non-equivariant ring spectra by passage to fixed points. Sim- 
ilarly, for module categories we replace the category i^top-mod-G-spectra of diagrams of 
i?top-niodules in G-spectra by diagrams of -Rtop-modules in the category of non-equivariant 
spectra. 

Our constructions operate separately on each point in the diagram, and maps of diagrams 
that are weak equivalences of each point in the diagram are weak equivalences of diagrams. 
This means that all verifications can be made in categories of module spectra over individual 
ring spectra. 

13. A. The diagram Rtop- In fact we define Rtop by taking fixed points on the LI(G)- 
diagram Rtop- Without changing notation, we first replace Rtop by its fibrant replacement in 
the diagram-injective model category of LI(G)-diagrams of commutative ring G-spectra [271 
5.1.3]. By Lemma lB.51 the category of modules over this fibrant replacement is Quillen 
equivalent to the original category _Rtop-mod-G-spectra. We then apply fixed points termwise, 
so that 

RtopiG/K,c)G/L := {Rtop{G/K,c)f/'^ = {S^''^^/'^^ A DEF / L^f/"^ . 

These are all non-equivariant commutative rational ring spectra, and therefore commutative 
iJQ-algebras. The category of commutative ifQ-algebras is equivalent to the category of 
commutative DGAs over Q and the module categories over corresponding algebras are equiv- 
alent ^j. To aid comparisons, we will name the resulting ring spectra by their homotopy, 
so that for a graded ring A we write Atop for a rational ring spectrum with T[^{Atop) = A. We 
will show in Section [15] that the ring spectra that occur in Rtop are all intrinsically formal, 
so that the notation should not be misleading. For the value at {G/K, c) we have 

Rtop{G/K, c) = {DET^ A = S^'O';^. 

We will use a special property of the ring Rtop- 

Definition 13.1. The category LI''-^'**(G) is obtained from the category LI(G) by adjoining 
a transitive system of maps 

^G^K ■ {G/K,c)g/k — > {G/L,c)g/l 
along the leading diagonal whenever G ^ K ^ L. 
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An LI(G')-diagram X in C is split if it extends to an LI'*''^*(G')-diagram X'p^'^: 



LI(G) 




Now observe that the diagram Rtop is spht. In fact the maps 

Rtop{G/K, c)g/k — > Rtop{G/L,c)G/L 
come from inflation maps we have seen before; indeed the map 

{DET/K+f/^ {DET/L+f/^. 
is obtained by passing to G/X- fixed points from 

DET/K+ — > {DEF/L+)^I^ 
which corresponds to the G/L-equivariant map 

iiii%'j]^DEF/K+ DET/L+ 

whose adjoint 

EJ^/L+ A mi'^/^^^DEJ^/K+ 5° 
is obtained by composing the G/L-map EJ^/L^ — > EJ-'/K^ with evaluation. 

13. B. The Quillen equivalence. Assembling our progress, we have a rather remarkable 
equivalence between diagrams of module G-spectra and diagrams of non-equivariant module 
spectra. 

Theorem 13.2. There is a Quillen equivalence 

9^ : cell-Rtop-mod-spectra , cell-Rtop-mod-G -spectra : , 

where the modules on the left are in the cateogry of spectra indexed on U'^ and those on the 
right are in the category of G -spectra indexed in U. In both cases, cellularization is with 
respect to the images of the G -spaces G/H^ as H runs through closed subgroups. 

Remark 13.3. To see the content of this, we note that there is a counterpart for free spectra. 
In this case Rtop = DEG^, and Rfop — DBG+. The corresponding statement is that there 
is a Quillen equivalence 

9^ : cell-L)i?G+-mod-spectra ^ ^ cell-£)£JG+-mod-G-spectra : , 

where the modules on the left are in the cateogry of spectra indexed on W*^ and those on the 
right are in the category of G-spectra indexed in U. The cells in question are the images of 
free cells, which is to say G+ on the right and (G+)'^' = S'^ on the left. In particular, because 
G+ is free, the universe U could be replaced by the trivial universe U'^. 

We shall see that when G is a torus, the cellularization may be omitted on both sides in 
this example, but this is a special feature of the torus (for example, when G is a non-trivial 
finite group some celuUarization is essential). 
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Proof: This is another example of the general setup of Section [TTJ Throughout the proof we 
work in the derived category and omit notation for inflation for simplicity, since the context 
shows where it is required. For convenience we record the unit and counit of the adjunction 
in the present context: 

13.4. 

r]:N {Rtop Nf and e : Rtop ®r,^, (M^) M. 

We must show that these are equivalences for all cellular M and N. More explicitly, both 
the unit and counit are maps of LI(G)-diagrams. We must show that they are equivalences 
at the vertices {G/L,c)c/k whenever L C K. 

13.B.1. The unit is an equivalence. To start with, it is straightforward to see that rj is an 
equivalence for all cellular A^. Indeed, there is a similar Quillen adjunction before cellulariza- 
tion. We will check the unit of this adjunction is an equivalence for all N and then cellularize 
to give the desired statement. 

We may verify the unit is an equivalence by checking at each point of the diagram. In 
effect we are verifying that 

is an equivalence for all i?'-modules iV', where R' = {R')^- The category of (non-equivariant) 
i?'-module spectra is generated by R' itself, so it suffices to observe that i]' is an isomorphism 
for N' = R' and that the class of spectra A^' for which it is an equivalence is closed under 
cofibre sequences and coproducts. Since this holds for each point {G/K,a) in the diagram 
(i.e., for R' = Rtop{G/K,a)) it follows that the unit rj is itself an equivalence, and by 
cellular izat ion that the original unit map in 113.41 is an equivalence as required. 

13. B. 2. The structure of the proof for the counit. It remains to show that the counit is an 
equivalence at {G / K,c)g/l whenever L C K. We argue by induction on the dimension of 
G. Since the statement is trivial for the trivial group, this induction starts. 

In terms of the LI(G')-diagram, our inductive hypothesis allows us to assume that the 
counit is an equivalence at {G / K,c)g/l whenever K ^ 1, and we need to prove the result at 
{G/K,c) = {G/K,c)g/i for all K. 

The rest of the proof has two parts: the fact that the counit is an equivalence at {G/1, c) 
and the argument by induction and change of groups that equivalence at {G/K, c) for K ^ 1 
follows from the results in previous rows. Both steps are quite substantial. 



13. B. 3. The counit \T3^ is an equivalence at {G/1, c) . We shall in fact show that in this case 



the equivalence holds without cellularization, because the cells used on the two sides are 
generators. 

It is convenient to replace the cells G/Hj^ by dual cells D{G/H^). Since G is abelian, 
Y,(^^MG/H)j^l^Q^£j^^ ~ G/H^, so this is harmless. In fact we will argue directly that the 
counit is an equivalence when M is the image of DX for any finite G-spectrum X. 

We begin by making explicit what must be proved. To start with, 

RtopiG/l,c) = DET+ ^ Yl DE{F) and RtopiG/l,c) = D{ET+f ^ J] D{BG/F+). 
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Next note that the i^top-module M corresponding to the G-spectrum DX has the value 
M(G'/1, c) = DEJ^^ A DX at (G/1, c), so that in the domain we have 

DEJ^^ ®(^DET+)o [DiET+) A DXf ^ DET+ ^(det+)o [D^EJ^^ A X)f . 

Now consider the class of G-spectra X for which the counit at (G/1, c) 

e{G/l, c) : Z}EJ-+ ®(DEj-+)G [D{EJ^+ A X)]^ ^ Z}(EJ-+ A X) 

is an equivalence. 

Lemma 13.5. The class of X for which the counit e{G/l,c) is an equivalence is closed 
under cofibre sequences and suspensions by representations . 

Proof: Closure under cofibre sequences is obvious. 

Closure under suspension is based on the Thom isomorphism, which in turn comes from 
the splitting EJ^+ ^ \/pE{F) [T2] which immediately gives a splitting 

D{EJ^+ AX)^Yl D{E{F) A X). 

F 

Accordingly, e{G/l,c) is an equivalence providing we have the corresponding splitting for its 
domain. This amounts to showing that the natural comparison map 



\{DE{F) 



^Y{f{DE(F))G 



\{{D{E{F)AX)Y 



^iDE{F))G {DiE{F)AX)) 



F 

is an equivalence. 

Now suppose given a representation V and use the Thom isomorphism 

AE{F) ^S\^^\ AE{F) 

for each finite subgroup F. We divide the finite subgroups into sets according to dimc(l^^). 
Of course there are only finitely many of these, and we may apply the corresponding orthog- 
onal idempotents to consider the sets separately. For the class of F with dimc(V^'^) = k we 
have 

Y[iD{E{F) AS^ A Xf) ~ S-'^ Y[{D{E{F) A Xf), 

F F 

SO both sides of the equation are simply desuspended by k. □ 



G 



Now observe that e{G/l,c) is obviously an equivalence for X = S^, and it remains to show 
that Lemma [13.51 implies that e{G/l,c) is an equivalence for all finite spectra. 

Lemma 13.6. When G is a torus, the G-spectrum builds all finite G-spectra using cofibre 
sequences and suspensions by representations. 

Proof: It suffices to construct all spectra 

Consider a non-trivial 1-dimensional representation a, with kernel K. We have S{a) = 
G/K, and therefore a cofibre sequence 

G/K+ — ^ 5° 5°, 

showing that the map is an isomorphism for spectra of the form G/K^. More generally if 
builds X, we see it also builds X A G/ K^. 
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The subgroups occurring as kernels K as in the previous paragraph are precisely those of 
the form K = H x C where if is a rank r — 1 torus and C is a finite cyclic group. Finally 
we note that an arbitrary subgroup H we have 

G/H = G/Ki X G/K2 X ■ ■ ■ X G/Kr 

for suitable Ki occurring as kernels. □ 



Remark 13.7. To see the content of the equivalence of e{G/l, c), apply idempotents to take 
the factor with F = I. Note that for any X we have [D{EG+ A X)f^ ~ D{EG+ Ac X) and 
we need to verify 

DEG+ ®DBG+ D{EG+ Ag X) ^ D{EG+ A X) 

for the based finite complex X. This is just the based counterpart of the Eilenberg-Moore 
spectral sequence for the fibration 

Y — > EGxgY — > EGxg* = BG, 

for the unbased space Y , which converges since G is connected. 

13. B. 4. The counit 13.4 on equivalence at {G/K,c) for K ^ 1. We will deduce that the 
counit is an equivalence at {G/K, c) from the the fact that the counit for the quotient group 
G/K is an equivalence at {{G/K)/{K/K)1,c)g/k- 

Taking G-fixed points can be broken into two steps: taking K-iixed points followed by 
taking G / K-fixed points. The adjunction between and inflation is similarly a composite. 
Theorem 1 1 1 . 71 with A = Rtop{G/K,c) shows that Rtop{G / K , c)-modu\e G-spectra are equiv- 
alent to DEJ^^-module spectra, and in particular that the counit of the i^'-fixed point 
adjunction is an equivalence. This gives the reduction to a statement about modules over 
<!>^DEJ^.. 



Lemma 13.8. Provided 



for all cellular DEJ^^-module G/ K-spectra P , the counit \TJ^\ is an equivalence at {G/K, c) 
for all cellular Rtop{G/K, c)-module spectra M . 

Proof: First note that 

The main input comes from Theorem lll.7[ which states 

We therefore only need to show that the left-hand side is equivalent to the domain of the 
counit 113. 4^ namely 

The required equivalence follows from the hypothesis by taking P = , and inducing along 
^^DE7+ — > ^ooy{/f) ^ jjEJ^^. 
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We should also remark that notions of cellularity correspond. Indeed, to check e{G/K,c) 
is an equivalence for cellular M we need only consider M = DEJ-'^ A S°°'^^^^ A DX for finite 
G-spectra X. This has K-Rxed points = ^^DE7+ A D($^^'X), which is cellular. □ 

It remains to reduce to a statement about modules over the ring G/i^'-spectrum DEJ^ / K^. 
The starting point of the reduction is that the module spectra P that occur are all of the 
form 

P = ^''DE7+ ®DET/K+ Q, 

induced from D E J-" /K ^-module G/K-spectra. The second ingredient is the very special 
nature of the map DEJ^/K_^. — > DEJ-'_^ of ring G/iiT-spectra. 

Lemma 13.9. Provided 

DEJ^/K^ ®^DEF/K^)o/K g^/^ ^ Q 

for all cellular DE T / K ^-module spectra Q, the hypothesis of Lemma \13.S\ is satisfied and 
hence the counit \13.4\ is an equivalence at {G/K,c) for all cellular Rtop{G/K,c) -module 
spectra M. 

Proof: It will aid readability to simplify notation. Thus we write 

— y A {^^DEJ^+)^/^ ^^DEF+ 

t t foi' t t 

— y B {DEJ^/K+)^/^ — > DEJ^/K+ 

Thus we have P = A^bQ, and the hypothesis of the lemma is an equivalence B^^-qQ'^ ~ Q. 
It is clear that if Q = -B A DY then P = A A DY, so that notions of cellularity correspond. 
We will establish equivalences 

A P^ = A [A ®B Qr - ^ ®AG ^ ®BG ^A®bB ^ A®bQ = P- 

This will complete the proof since the composite equivalence establishes the hypothesis of 
Lemma 113. 8[ 

The equivalence (c) is obtained from the equivalence stated as the hypothesis of the lemma 
by inducing along B — > A, and the equivalence (b) uses formal properties of the tensor 
product. 

For the equivalence (a) it suffices to establish that the natural map 

[A ®B Qf ^ A^ ®j^aQ^. 

is an equivalence, since we may then apply A® For this we note that the result is clear 
for Q = B and use an argument similar to the one in Subsubsection 113. B. 31 Indeed, by an 
argument precisely similar to that of Lemma 113.51 we have an equivalence for Q = B A S*^ 
(we split B = DEJ^/Kj^ into a finite product on each of which smashing with 5*^ gives a 
non-equivariant suspension). It then follows from Lemma fl3.6l we have an equivalence for 
Q = B A G/H+ for any H ^ K as required. 

□ 



By induction on the dimension of the group, the counit at (G/l,c) is an equivalence for 
the quotient group G/K. This is the hypothesis of Lemma 113.91 and its conclusion gives 
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the hypothesis of Lemma 113. 8[ Accordingly, Lemma 113.81 shows that the counit 113.41 is an 
equivalence at {G/K,c) for G. 

The counit 113.41 is therefore an equivalence at all points of the diagram, and hence it is an 
equivalence. This completes the proof of Theorem 113.21 □ 



Part 5. Algebraic equivalences 

14. From spectra to DGAs 

In this section we use the results from ^46j to show that the category of module spectra 
over the diagram Rtop of commutative ring spectra is Quillen equivalent to a category of 
differential graded modules over a diagram Rt of commutative DGAs. It then follows that 
the cellularizations of these model categories are also Quillen equivalent. Since [IB] works 
with symmetric spectra, we apply the functor U from [37j to the split LI(G)-diagram Rtop 
of orthogonal ring spectra to obtain a split LI(G)-diagram VRtop of symmetric ring spectra. 
Now by [371 0.6] there is a Quillen equivalence between Rtop-J^od in orthogonal spectra and 
U-Rtop-niod in symmetric spectra. 

In more detail, in [161, 1.1] a composite functor G is defined which produces a Quillen 
equivalence between ifZ-algebra spectra (with many objects) and DGAs (with many ob- 
jects). Given an ifZ-algebra spectrum (with many objects), B, it is shown in [1^ 2.15] that 
the category of module spectra over B is Quillen equivalent to the category of differential 
graded modules over QB, a DGA (with many objects). Furthermore, there is a second 
functor G' which is symmetric monoidal, so that it takes commutative rings spectra to com- 
mutative DGAs. Finally, over the rationals the two functors are naturally equivalent, so that 
by [ini 1.2], if i? is a commutative ifQ-algebra then G-B is naturally weakly equivalent to a 
commutative DGA Q'B. 

Definition 14.1. Applying functors to the split LI(G)-diagram of commutative rational ring 
spectra Rtop, we define Rt to be the split LI(G')-diagram Q'{HQ A VRtop) of commutative 
DGAs. 

As in Remark [B.7\ we make no distinction between this diagram and the associated en- 
riched category over spectra or over chain complexes. Note, throughout this section we are 
implicitly considering the standard (or diagram projective) model structures from [131 A. 1.1] 
on modules over rings with many objects. 

Proposition 14.2. There is a zig-zag of Quillen equivalences between the category of module 
spectra Rtop-mod and the category of differential graded modules Rt-mod. 

Proof: As mentioned above the first step is a Quillen equivalence between i^^p-mod over 
orthogonal spectra and Ui?top-mod over symmetric spectra by [37, 0.6]. Since Rtop is ra- 
tional, the unit map \^Rtop — ^ HQ. A i^Rtop is a weak equivalence which induces a Quillen 
equivalence on the associated module categories by extension and restriction of scalars. 
Combining these steps with ^46^ 2.15] produces a Quillen equivalence between i^^p-mod and 
G(ifQ A Ui?top)-mod. Since HQ AU Rtop is a diagram of commutative ifQ-algebras, it follows 
that Q'{HQAURtop) is a diagram of commutative rational DGAs which is weakly equivalent 
to the diagram Q^HQAVRtop)- By A. 1.1], extension and restriction of scalars over these 
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weak equivalences produce the last steps in the stated zig-zag of Quillen equivalences. □ 



Corollary IA.7I below shows that cellularization preserves zig-zags of Quillen equivalences 
as long as the cells in the target category are taken to be the images under the relevant 
derived functors of the cells in the source category. Here we begin with the cellularization of 
i?top-niod with respect to the images of G/H^ as H runs through closed subgroups. Then, 
at each of the next steps, the cells are the images of GjH^ under the appropriate derived 
functor. 

Corollary 14.3. There is a zig-zag of Quillen equivalences between the cellularizations of the 
model categories in Proposition 14-2: that is, cell-Rtop-mod- spectra and cell-Rt-mod-spectra 



are Quillen equivalent. 

15. Rigidity 

The outcome of the process described in Section [H] is the split LI(G)-diagram Rt (Def- 
inition 114. ip of commutative DGAs, and we may form the corresponding category Rt-mod 
of DG modules over Rt. More explicitly, Rt is a split LI(G')-diagram, and the G/l-row is of 
the form 

Rt{G/l, c) Rt{G/Hu c) RtiG/H2, c) RtiG/G, c) 

and its homology Ra = H*{Rt) has as its G/l-row the diagram 

S^lO^ S],lO^ Sa'O^ 

Proposition 15.1. The diagram Ra is intrinsically formal in the sense that any split LI(G)- 
diagram Rt of commutative DGAs with H^,{Rt) = Ra is equivalent to Ra-' 

Rt ^ Ra. 

Since extension and restriction of scalars over weak equivalences produces Quillen equiva- 
lences by [ISl A. 1.1] and cellularization preserves Quillen equivalences by Corollary I A. 71 we 
then have the following corollary. 

Corollary 15.2. There is a zig-zag of Quillen equivalences between the cellularizations of 
the associated model categories of modules; that is, cell-Rt-mod-spectra and cell-Ra-mod are 
Quillen equivalent. 

Proof: We construct another DGA R[ suitable for comparison and homology isomorphisms 
Ra — > R't < — Rt- 

We start at the point {G/1,c)g/i, and use localization and splitting to fill in the rest 
of the diagram. For the moment we work with the G/1 row, and omit subscripts, writing 
:= Rt{G/l,c) for brevity. Since 

H40'^) = 0^ = llH*{BG/F), 

F 

for each finite subgroup F, we may choose a representative cycle ep for the idempotent 
corresponding to the Fth factor. We may then construct the map 
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of DGAs, realizing projection to the Fth factor. Choosing representative cycles for the 
polynomial generators of H*[BG/F), we obtain a homology isomorphism 

Taking these together we have homology isomorphisms 

RtiG/1, c) = ^ YIf OUl/ep] ^ Uf H*(BG/F) = R,(G/1, c), 
so we take 

R',(G/l,c) :=n^Ml/e~F]. 

F 

Now we pick cycle representatives e{V) in Rt{G/l, c) for Euler classes e{V), and let 

iH^{e{V),e{V) I \/^ = 0}. 

We then take 

F 

we will form R'^IG/H, c) by inverting some more cocycle representatives for elements already 
invertible in homology. Since the collection £h contains Euler classes from both Ra and Rt, 
we obtain comparison maps 

F 

which are homology isomorphisms because the two sets of Euler classes have the same effect 
in homology. This gives the diagram 

Rt{G/l, c) Rt{G/H,, 1) Rt{G/H2, 1) Rt{G/G, 1) 

R'^iG/1, c) R'I{G/H^, 1) ^ R';{G/H^, 1) ^ R'I{G/G, 1) 

Or S^lOr EhIOjt ^ ^ £^'0^ 

We now work up the LI(G') diagram row by row. When wc deal with the G/K row, we 
assume that the rows G/L with dimL < dimi^ have already been treated. However, if 
L C. K we will invert some more cycles in the Rf{G/L,c)G/M, to ensure we can compare 
the G/K row to the G/L row; all these additional elements represent homology classes 
which are already invertible, so this does not affect the quasi-isomorphisms we have already 
constructed. 

Returning to the G/K row, as before, wc take 

0':p/k ■.= Rt{G/K,c)G/K 

and choose cocycle representatives for idempotents corresponding to the subgroups K 
with identity component K. We may then form 

R!/iG/K,c)G/K:^ n (^hAy^k]- 
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To ensure that this maps to R[{G j L,c)c/l "we need to invert the images of the cocycle 
representatives of idempotents from the G/K row under the sphtting maps. Similarly, when 
we invert cocycle representatives of Euler classes to define R^{G/H, c)g/k we need to invert 
their images in R1{G/H,c)g/l under the splitting maps. Once this is done, we obtain 
homology isomorphisms of commutative DGAs 

Rt R't < — Ra 

on the G/K row of LI(G') and on all rows G/L with dimL < dimi^T. Continuing, row by 
row we eventually obtain the diagram on all of LI(G) as required. 

□ 



16. Model structures and equivalences on the algebraic categories 

16. A. Overview and examples. The output of the work above is a Quillen equivalence 
between the category of rational G-spectra and an algebraic category cell-i?a-mod, the cellu- 
larization of the category of modules over the diagram Ra of rings. The purpose of the next 
few sections is to simplify the result by avoiding the need for cellularization. In effect, we re- 
place the model by the much smaller category of DG objects in the category of qce-modules, 
A{G). 

The first example is explained in more detail in [23] , and corresponds to the free G-spectra, 
and it illustrates several of the issues we must deal with. 

Example 16.1. The initial model category cell-if * (i?G)-modp is the category of DG-modules 
over H*{BG) with the algebraically projective model structure cellularized with respect to 
the residue field Q. This in turn is Quillen equivalent to the model category ce\\-H*{BG)-mod-, 
which has the same underlying category of DG-modules over H*{BG), but now endowed with 
the algebraically injective model structure and cellularized with respect to the residue field 
Q. Finally, this is equivalent to the category tors--?/*(-BG)-mod of torsion modules with an 
injective model structure, in which weak equivalences are homology isomorphisms. 

The second example corresponds to semi- free G-spectra with G = S^: this is instructive, 
since one can see the issues introduced by diagrams without having the infinite number of 
subgroups to complicate matters. 

Example 16.2. The diagram of rings is 

R=\ i = i 

An Ra module M consists of a diagram 

M=\ i 

\ — > Af * J \N 

There are four relevevant model categories. To start with, on each of the three objectwise 
module categories we can choose either the algebraically projective model structure or the 
algebraically injective model structure. We need to make the same choice at each vertex 
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so that the maps respect the model structures. Secondly, having made that choice we 
may choose either the diagram theoretically projective or injective model. Assuming the 
appropriate models all exist, there are Quillen equivalences between either of the two binary 
choices by using the identity functors. We only need three of the four possibilities; a diagram- 
projective, algebraically-injective model structure does not appear. 

Having made a choice, we cellularize with respect to the two modules corresponding to 
basic geometric generators 

/ Q 

§ = i? = I i I and 

3[c] ^ Q[c,c-i] 

Again, by Appendix|Al the Quillen equivalences between model categories can be cellularized. 

Finally, for qce--R-mod, the underlying category consists of quasi-coherent extended mod- 
ules. The quasi-coherence condition is that the horizontal is localization in the sense that 

M* = M"[l/c]. 

The extendedness is the condition that the vertical is induction in the sense that 

M* ^ Q[c, c-^] ®fc V. 

The inclusion of these modules has a right adjoint, and we will give the category of qce- 
modules a model structure so that it is Quillen equivalent to the doubly injective model 
structure. 

In the remainder of this section we turn to the full LI(G)-diagram Ra of rings, and outline 
the proof that the cellularization of the category of -R^-modules is equivalent to the category 
of DG qce-i?a-modules (which is to say DG objects of A{G)). 



16. B. Construction of model structures. We begin by formally introducing the algebraic 
model structures we use. 

These are model structures on diagrams of modules over diagrams of DGAs. For each 
individual DGA there is an algebraically projective model structure |12], which is constructed 
from free modules in the obvious way; the proof may be obtained by adapting f27', 2.3]. 
Similarly, for an individual DGA with differential there is an algebraically injective model 
structure [25] . 

Making a choice of algebraically projective or injective model structures at all points in 
the diagram we may then seek to define a diagram-theoretically projective model structure 
(in which weak equivalences and fibrations are given pointwise) or a diagram-theoretically 
injective model structure (in which weak equivalences and cofibrations are given pointwise). 
The doubly-projective case follows from [HI 6.1], the doubly- injective case is discussed in 
Appendix [C] and the diagram-injective, algebraically-projective case is discussed in Appendix 
E] below. 

Finally, given any model structure we may attempt to cellularize it with respect to some 
collection of cells. The idea is that maps out of these cells should detect weak equivalences, 
and cofibrant objects should be built from these cells. This is made precise in Appendix [XI 
below. 
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16. C. A model structure on torsion modules. We consider tlie category A{G) = 
qce--Ra-mod, and sliow tlie associated category of DG objects admits a model structure 
with homology isomorphisms as the weak equivalences. 

Proposition 16.3. The category DG — A{G) of DG qce-Ra-modules admits a model struc- 
ture with weak equivalences the homology isomorphisms and cofibrations which are monomor- 
phisms at each object. The fibrant objects are injective if the differential is forgotten, and 
fibrations are surjective maps with fibrant kernel. 

Proof: We use the method of fTEj Appendix B], where it is shown that one can often 
construct a model structure using a type of fibrant generation argument provided one has a 
suitable finiteness of injective dimension. 

We have an abelian category A = A{G) and we aim to put a model structure on the 
category of DG objects of A. We will specify a set BX of basic injectives containing sufficiently 
many injectives (i.e., any object of A embeds in a product of basic injectives). An injective / 
is viewed as an object K{I) of DG—A with zero differential. The notation is chosen to suggest 
an Eilenberg-MacLane object (or cosphere). Next, we let P{I) = fibre(l : K{I) — > K{I)), 
with the notation chosen to suggest a path object (or codisc). The set £ of generating 
fibrations consists of the maps P{I) — K{I) for I in BX. The set Ai of generating acyclic 
fibrations consists of the maps P{I) — > for / in BX. 

We now take we to consist of homology isomorphisms, cof to be the maps with the left 
lifting property with respect to Ai and fib to be the maps with the right lifting property 
with respect to (weflcof), and prove this forms the model structure of the lemma. We 
outline the four main steps and then turn to proving they can be completed in our current 
situation. 

Step 1: Show that cof consists of objectwise monomorphisms. 

Step 2: Show that for any X there is an objectwise monomorphism a : X — y P{I) for 
some injective /. 

Step 3: Show that the maps P{I) — > and P{I) — > in £ and Ai respectively are 
in fib. 

Note that since any injective is a retract of a product of basic injectives, it follows that 
P{I) — K{I) and P{I) — > are fibrations for any injective /. Since we have chosen BX 
to contain enough injectives, one of the factorization axioms follows immediately, since we 
may factorize / : X — t- Y as 

X^-l^Y X P{I) ^ Y, 

with a as in Step 2. 

Step 4: Prove the second factorization axiom using only fibrations formed from those 
named in Step 3. 

More precisely, given / : X — > Y, we form factorization X — > X' — > Y with X — > X' 
a homology isomorphism and X' — > Y a fibration formed by iterated pullback of fibrations 
P(J) — v K{I). This is precisely dual to the usual argument attaching cells to make a 
map of spaces into a weak equivalence, but because the dual of the small object arguement 
does not apply, we use the finiteness of injective dimension of A to see that only finitely 
many steps are involved in the process (details below). The map X — > X' can be made 
into a cofibration by taking the product of Y' with a suitable P{I) as in the proof of the 
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first factorization argument. We now see using tlie defining right lifting property tliat an 
arbitrary fibration is a retract of sucli a standard one. 

It remains to verify tlie four steps can be completed. Once again, we follow the pattern 
from the case of the circle group. We note that for each connected subgroup H of G there 
is an evaluation functor 

evH '■ -Ra-niodules — > (9jr///-modules 
with right adjoint fn- In particular, if is a torsion module, fniN) lies in A{G) and 

Hom^(c,)(X,/^,(iV)) = Romo,,,iX{H),N). 
We take the basic injectives to be those of form 

= fHWBG/H)) 

where if is a subgroup with identity component H. It is shown in [18] that this set contains 
sufficiently many injectives. 

The following elementary lemma lets us reduce verifications to statements about modules 
with zero differential over a (single object) ring. 

Lemma 16.4. (1) Hom(X, i\:(/j^(M))) = Rom{X{H),M) 

(2) DG - Hom(X, K{fH{M))) = }iom{X (H) / dX (H) , M) 

(3) DG-Hom(X,P(/j^(M))) = Hom(SX(if), M) 

It follows by the left lifting property that cof consists of objectwise monomorphisms (Step 
1), and that we may find a monomorphism a in the first factorization argument (Step 2). 
This lemma also makes it straightforward to verify that objects of C and M. are fibrations. 
The case of P{I) — > is simply the defining property of an injective. The problem 

A -PifniW) 

y 

is equivalent to 

B{H) ^-^B{H)/dB{H) 

To find a solution, we note that the diagonal is already defined consistently on A{H) + dB{H) 
and use the defining property of injectives to extend it over B{H). 
This leaves Step 4. Here we start by forming an exact sequence 

H,{X) H,{Y) © Jo Ji >In-^0 

in A{G), where the Ig are injective. The finite injective dimension of A{G) ensures such an 
exact sequence exists. We now realize this by a tower of fibrations 

Y < — Xq < — ■ ■ • < — Xn = X\ 
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together with hfts 




We take Xq = Y (B K{Iq), and the subsequent objects and maps are constructed using the 
diagram 




where the lower horizontal is chosen to realize the inclusion of im(/s_i — > Is) in Ig- The 
map Jn '■ X — 7- Xtv is necessarily a homology isomorphism, and can be made into a 
monomorphism by taking a product with a suitable P{I). 

This completes the sketch proof of the proposition. □ 

16. D. Equivalence of models of torsion modules. In this subsection, we consider the 
category A{G) of qce modules over the diagram of rings Ra- It was proved in pjj that there 
is an adjunction with i the inclusion of the subcategory 

i : qce--Ra-mod , ~^ Ra-raod : T . 

We use the doubly injective model structure on i?(j-modules (i.e., injective in both the module 
theoretic and diagram theoretic sense). 

Proposition 16.5. The adjunction 

i : qce-Ra-mod , ^ Ra-moda : F . 

is a Quillen adjunction. Cellularizing with respect to the images of the topological cells 
induces a Quillen equivalence 

A{G) = qce-Ra-mod ~ cell-Ra-moda. 

Proof: First, i preserves all homology isomorphisms, so to see it is a left Quillen functor 
we need only check that it preserves cofibrations. The cofibrations of A{G) are object- 
wise monomorphisms. Next note that the cofibrations in the algebraically injective model 
structure are precisely the monomorphisms. The cofibrations in the doubly injective Ra- 
module category are precisely the morphisms which are objectwise cofibrations, namely the 
objectwise monomorphisms. Thus i preserves cofibrations. 
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We may then cellularize with respect to the images of the cells G/Hj^. By the Cellular- 
ization Principle IA.6I this induces a Quillen equivalence since the cells are already torsion 
modules by Lemma [17.6[ 

cell-qce-i?a-mod ^ cell-i?a-modjj 

Finally, it remains to check that cellularization is the identity on A{G). This will be 
completed by Proposition 117.81 which states that cellular equivalences for qce modules are 
precisely the homology isomorphisms. Thus, 

A{G) = qce-i?a-niod = cell-qce-i?a-mod. 

□ 



17. Cellular equivalences in A{G) 

The main purpose of this section is to show that cellular equivalences coincide with homol- 
ogy isomorphisms for A{G). This comes in Subsection 117. E[ Since cells are determined by 
their homology we need not choose particular models. Nonetheless, we begin by describing 
some models for the algebraic cells, since this gives us an opportunity to introduce some 
essential properties in a concrete fashion. 

17. A. Cohomology of subgroups and homotopy of cells. To guide our construction, 
we calculate the homology of the natural cells G/K^ as i?a-modules, and then give the appro- 
priate adaption using Koszul complex constructions. First we need a little more background. 
We have already discussed the relationship between G and its quotient groups G/K, together 
with the associated inflation map Cjr/i^' — )■ Cj-. We now need to discuss the cohomology 
of subgroups and the associated restriction maps. 

To start with note that rational cohomology of a subgroup K of the torus depends only on 
the identity component: the restriction map induces an isomorphism H*(BK) ——^ H*(BKi), 
since the component group K/Ki necessarily acts trivially on H*{BKi). 

Next, write J^{K) for the set of finite subgroups of K when emphasis is required, and 
similarly 

Cf= JJ H*{BK/F), 

noting that this makes sense whether or not K is connected. The restriction map is the 
composite 

0^= Y[ H*{BG/F) — > Yl H*{BG/F) — > JJ H*{BK/F) = 

F&T{G) F(iT{K) F£T{K) 

where the first map is projection onto the direct summand corresponding to the factors with 
F e J^{K). 

Lemma 17.1. IfK is a subgroup ofG of codimension c{K) then as an Ra-module 7!-f{G/K^) 
is concentrated on the connected subgroups of K and is given by 

'K'^{G/K ){L) — I ^L^^^ ®'^TiL S'^^^-'C^/^ if L is a connected subgroup of K 
* 10 otherwise. 



where bars indicate images in G = G/L. 

63 



Proof: We must calculate 

t:^{DEF+ a a GIK+) = El^O^ t:^'\DEFIL+ A $^G'/X+). 

This is evidently zero unless L (Z K, and if L C K, then $^G'//s:+ = (G/K)^ = G/K+, 
where bars indicate the image in G/L. Accordingly, 

7rf{DEJ^/L+AG/K+) ^ E^'^hfiDEJ^+fL) = E'^^^) JJ H*{B{K/L)). 

LCLCK 

□ 

17. B. Koszul complexes. To form suitable models, we use a standard construction from 
commutative algebra. Given a graded commutative ring B and elements xi, . . . , x„ we may 
form the Koszul complex 

K{x,, . . . , x„) = (El-ilB ^B)^B---^B ^ B), 

which is finitely generated and free as a i?- module. If i? is a polynomial ring B = k[xi, . . . , Xn] 
we write just Kosb for the complex; this is independent of the choice of homogeneous gen- 
erators up to isomorphism, and the natural map Kosb — > /c is a homology isomorphism. If 
M is a S-module we write Kosb(M) = Koss ®b M. 

We say that L is cotoral in K if L is a normal subgroup of K and K/L is a torus. We note 
that if L is cotoral in K then we may choose a map G/L — > K/L giving an isomorphism 
G/L = G/K X K/L and hence 

H*{BG/L) = H*{BG/K) ® H*{BK/L). 

We may therefore form a version of H*{BG/K) which is flat over H*{BG/L) by ten- 
soring with the Koszul complex model for H*{BK/L) based on a set of generators for 
keT{H*{BG/L) — > H*[BK/L)). However it is not necessary to make this choice, since 
(even if K/ L is not a torus) , the exact sequence 

K/L G/L G/K 

induces an exact sequence 

H*{BK/L) i — H*{BG/L) i — H*{BG/K) 
of Hopf algebras, so that 

H*{BK/L) = H*{BG/L) ®h*{bg/k) k. 

Now replace k by the complex Kosh*{bg/k) of projective if*(i?G/ii')-modules, indepen- 
dent of L, and the tensor product will be a complex of projective i?*(SG/L)-modules, 

Kosh*(bg/k){H*{BG/L)) ~ H*{BK/L). 

If H*{BG/ K) is replaced by a DGA A{K) with the same cohomology, the complexes 
J]\^\B — y B are replaced by the fibres of the maps T,^^^A(K) — > ■A(K); up to equivalence, 
this only depends on the cohomology classes. The full Koszul complex Kosa_{k) is obtained 
as before by tensoring together the DG modules for a chosen set of polynomial generators. 
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17. C. The flat form of the natural cells. To apply the Koszul complexes in our case 
we choose generators for H*{BG/ K) and form the associated Koszul complex, Kosh*(bg/k)- 
Note that we have a diagonal map 

A : H\BG/K) — ^ W H*{BG/L) ^ JJ H*{BG/L) = Of/^, 
so we may form ¥^o^}i*{BGiK){P%ji})-, which is free as a O^^^-module. 

Lemma 17.2. The Koszul complex gives good approximations of quotient groups in the sense 
that _ 

where e-j^ is the idempotent corresponding to the finite subgroups of G/ L contained in K. 

Proof: We have remarked that the short exact sequence 

— > H*{BG/K) — > H*{BG/L) — > H*{BK/L) — > 

of Hopf algebras shows that 

H,{H*{BG/L) ^H*iBG/K) KosH*^BG/K)) = H*{BK/L). 

We are just taking a product of instances of this indexed by finite subgroups of G/L con- 
tained in K/L. □ 

This motivates the following definition. 

Deflnition 17.3. The fiat form of model for the cell G/K^ is defined by 

^ ^I'^kO^ ®o^/^ T.<''^KosH*iBG/K){Or/K) if L is cotoral in 

—K\ y g otherwise 

We may now prove that this is indeed a model. 

Lemma 17.4. The flat model g_j^ is a model for G/Kj^ in A{G) and any other model is 
weakly equivalent to it. 

Proof: The uniqueness theorem [TSl 12.1] states that cells are characterized by their homol- 
ogy, so it sufiices to show that 

H^{aj,)=Trt{G/K^). 
Lemmas 117.11 and 117.21 show that the value at L should be 

^l'OS^ ®0,/, e^Oj/^ ®o,^^ ^<''^K0SH*iBG/K){0r,K), 

and we calculate _ 

^-l'0$ ®o,j, eKO%i^ = Sj:'ej<0% 

□ 

It is worth recording the following immediate consequence of the definition. 

Lemma 17.5. The flat model aj^ is built from the model g\Q = Ojr of the sphere by taking 
a retract and then using finitely many fibre sequences. □ 
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17. D. Properties of the flat model a^^. By construction tlie cells themselves have torsion 
homology, which gives one of the properties we require. 

Lemma 17.6. In the model category cell-Ra-mod the cellular objects have torsion homology. 

Proof: By construction, H^{aK) = T^fiG/K+), which lies in A{G). Since the subcategory 
of torsion modules is an abelian subcategory closed under sums, any object built from cells 
has torsion homology. □ 

Next, there is a finiteness requirement if we are to use these as the generating objects for 
our cofibrantly generated model structure. 

Lemma 17.7. For any subgroup K, the flat model gk for the cell G/ Kj^ is compact in the 
sense that 

Rom{aK, iVi) = Hom(a;^, N,). 

i i 

Proof: In view of Lemma 117. 5[ it suffices to prove the special case K = G. 

The value of a map / : ac — > M is determined by its value at L = 1. On the other hand 

/(I) : aoil) = 0^^ M(l) 

is determined by the image of the identity. □ 



17.E. Algebraic cells and homology isomorphisms. We need to understand weak equiv- 
alences between objects of A{G). For clarity, we refer to maps X — )■ Y inducing an iso- 
morphism of if*(Hom(a^, •)) for all cells ax as cellular equivalences., and for brevity we 
write 

7rf(X) = i7,(Hom(£.,-)) 

for the resulting Mackey-functor. 

We begin with a warning: the fiat models are not cofibrant. For example if G is a circle, 
we have 

Hom(5°,X) = PB{X), 
where X and its pullback displayed: 

PB{X) — > V 

N — > Eq^Oj®V. 

It is not hard to construct examples of acyclic X for which PB(X) is not acyclic. This 
simply means that we retreat from being so explicit at the level of models. Our remaining 
work takes place at the level of homotopy categories. 

The key to removing the cellularization process in the formation of AiG) is to show that 
there are enough cells in the sense that cellular equivalences of torsion modules are homology 
isomorphisms. 



Proposition 17.8. For objects of A{G) cellular equivalences are homology isomorphisms. 

66 



Proof: Taking mapping cones, it suffices to show that cellularly trivial objects of A{G) are 
acychc. Suppose then that X is cellularly trivial. 

We shall mimic the following argument for spectra. Since is built from objects E{J^ / K)j^/\ 
gooV{K) g^i^giy many cofibre sequences, X is built from X{T jK) = X A E{J^/K)^ A 
gcoV{K) finitely many cofibre sequences, and it suffices to show that the homology of 
X{J^/K) is zero. However, for spectra of this form, cellular triviality and acyclicity are 
equivalent. Finally, by duality of cells, cellular triviality of X implies that of X A T for any 
T. 

Before we begin, we need two lemmas. 

Lemma 17.9. If ti^{X) = then 7r^(X (g) C) = for any cellular object C . 

Proof: The lemma follows from the special case in which C is a cell q_j^. In fact, we have a 
homotopy equivalence of DGAs 

Hom(a^,X ® a^) ^ T.^'^^^YLom^Uj^^^, X) ® H*{G/{KL)) 

where H*{G/{KL)) has zero differential and c{L) is the codimension of L. 

In fact both sides can be formed from CKniHom^S^ , X) by taking iterated fibres of 
maps which are multiplication by some element of Ojr obtained by inflation. On the 
left we take a set of polynomial generators for H*{BG/ K) and a set yi,...,ye of poly- 
nomial generators for H*{BG/ L) and inflate them. It is convenient to choose generators 
xi, . . . ,Xd of H*{BG/{KL)) and extend the collection by yi, . . . ,ye to give generators of 
H* [EG / K) and by 2:1, ... , Zf to give generators of H*{BG/ L). On the left we may then 
choose Xi, . . . ,Xd,yi, ■ ■ ■ ,yd, Zi, . . . , Ze as our generators of H*{BG/ {K fl L)). Since the map 
X of a Koszul complex K{x) is nullhomotopic, the effect of the second set of generators 
xi, . . . ,Xe simply increases multiplicity. □ 

We need to use certain standard objects of A{G) constructed from modules. There is a 
right adjoint fx to evaluation at G/K. Roughly speaking, for suitable Cjr/^-modules M, 
the object /x(M) is obtained by putting M at G/K, and fllling in other values accordingly 
(see [m Section 4] for further details). 

Lemma 17.10. Suppose X is a torsion object with H^{X) = /x(M) for some connected 
subgroup K and some Oj^/^-module M. If X is cellularly trivial it is acyclic: if t^{X) = 
then H^{X) = 0. 

Proof : Since fx is right adjoint to evaluation at K, and since this is compatible with 
resolutions, the Adams spectral sequence for [T, X]*^ takes the simple form 

E'/ = Ext*S*^J<j>^H^{T),M) [T,X]l 
In particular, taking T = 5°, we see that H^{X) is one of the entries in 7r^(X). □ 

We may now proceed to prove the proposition. We argue by induction on the dimension 
of support of H^{X) that cellularly trivial objects of A{G) are acyclic. There is nothing to 
prove if the support is in dimension < (i.e., if if*(X) = 0). 
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Suppose then that the result is proved for objects with support in dimension < d and that 
X is supported in dimension < d. We then define X' using the fibre sequence 

dim{A')=d 

Next, note that 

/;,(</.^i7,(X)) ~X®5°°^(^). 

This is cellularly trivial by Lemma I17.9[ and hence also acyclic by Lemma 117.101 
Finally, we claim there is an equivalence 

X' ~ X ® F 

for suitable F. Indeed, since X is supported in dimension < d we have X ~ X ® EJ^{d)+, 
where J-'{d) is the family of subgroups of dimension < d. We may then take F to be defined 
by the fibre sequence 

F^ET{d)+-^ y EJ^(rf)+ ® 

dim{K)=d 

Thus X' is cellularly trivial by Lemma 117.91 and it is thus acyclic by induction. It follows 
that X is acyclic, which completes the inductive step. The general case follows in r + 1 steps. 

□ 



Appendix A. Cellularization of model categories 

Throughout the paper we need to consider models for categories of cellular objects, thought 
of as constructed from a set of basic cells using coproducts and cofibre sequences. These 
models are usually obtained by the process of cellularization (sometimes known as right 
localization or colocalization) of model categories, with the cellular objects appearing as 
the cofibrant objects. Because it is fundamental to our work, we recall some of the basic 
definitions from |26] . 

Definition A.l. [261 3.1.8] Let M be a model category and /C be a set of objects in M. 
A map / : X — )■ y is a K-cellular equivalence if for every element A in K, the induced 
map of homotopy function complexes [261 17.4.2] : map(yl,X) — )■ map{A,Y) is a weak 
equivalence. An object W is IC-cellular if W is cofibrant in M and : map(Vr, X) — )■ 
map(W^, Y) is a weak equivalence for any /C-cellular equivalence /. 

One can cellularize a right proper model category under very mild finiteness hypotheses. 
To minimize the confusion due to a coincidence of nomenclature, we refer to a model category 
satisfying [2S1 12.1.1] as H-cellular. 

Proposition A. 2. [26, 5.1.1] Let M. be a right proper B.-cellular model category and let K, 
be a set of objects in M. The fC-cellularized model category IC-cell-M. exists and has weak 
equivalences the IC-cellular equivalences, fibrations the fibrations in M and cofibrations the 
maps with the left lifting property with respect to the trivial fibrations. The cofibrant objects 
are the K-cellular objects. 
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Remark A. 3. Since the /C-cellular equivalences are defined using homotopy function com- 
plexes, the /C-cellularized model category /C-cell-M depends only on the homotopy type of 
the objects in fC. 

It is useful to have the following further characterization of the cofibrant objects. 

Proposition A. 4. [26, 5.1.5] If K, is a set of cofibrant objects in M, then the class of K,- 
cellular objects agrees with the smallest class of cofibrant ojects in M that contains K, and is 
closed under homotopy colimits and weak equivalences. 

Since we are always working with stable model categories here, homotopy classes of maps 
out of K, detect trivial objects. That is, in Ho(/C-cell-M), an object X is trivial if and only 
if for each element A in /C, [A,X]^, = 0. In this case, by |l3l 2.2.1] we have the following. 

Proposition A. 5. //M is stable and each element of K, is compact, then K, is a set of gener- 
ators o/Ho(/C-ce//-M). That is, the only localizing subcategory containing K. is Ho(/C-ce//-M) 
itself. 

We next need to show that appropriate cellularizations of these model categories preserve 
Quillen adjunctions and induce Quillen equivalences. 

Proposition A. 6. The Cellularization Principle. Let M and N be right proper, stable, 
}i-cellular model categories with F : M — )■ N a Quillen adjunction with right adjoint U. Let 
Q be a cofibrant replacement functor in M and R a fibrant replacement functor in N. 

(1) Let K, = {Aa} be a set of compact objects in M, with FQK, = {FQA^} the corre- 
sponding set of objects in N. Then F and U induce a Quillen adjunction between the 
]C- cellularization of M and the F QIC -cellularization of N. 

F : K-cell-M , FQIC-cell-N : U 

(2) Furthermore, if QA — )■ URFQA is a weak equivalence in M for each A in IC, then F 
and U induce a Quillen equivalence. 

JC-cell-M ~Q FQIC-cell-N 

(3) Let J = {-B/s} be a set of compact objects in N, with URJ = {URBjs} the corre- 
sponding set of objects in N. If FQURB — )■ RB is a weak equivalence in N for each 
B in J , then F and U induce a Quillen equivalence between the J -cellularization of 
N and the U R J -cellularization of Ml. 

URJ-cell-M ~Q J-cell-N 

Proof: The criterion in [261 3.3.18(2)] (see also [28^ 2.2]) for showing that F and U in- 
duce a Quillen adjoint pair on the cellularized model categories requires that U preserves 
weak equivalences. Any Quillen adjunction induces a weak equivalence map{A,URX) ~ 
maplFQA, X) of the homotopy function complexes, see for example [26l 17.4.15]. So a map 
/ : X — )■ y induces a weak equivalence /* : maplFQA, X) — )■ ma.p{FQA,Y) if and only if 
Uf^: : map{A,UX) — )• ma:]i{A,UY) is a weak equivalence. Thus in (1), U preserves (and 
reflects) the cellular equivalences. Similarly, Uf^ : ma.p{URB,UX) — )■ map{URB,UY) is a 
weak equivalence if and only if f^, : map{FQURB,X) — )■ map{FQURB ,Y) is. Given that 
FQURB — )■ RB is a weak equivalence, it follows that t//* is a weak equivalence if and only 
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if : map(-B,X) — )■ map{B,Y) is. Thus, given the hypothesis in (3) it follows that U 
preserves (and reflects) the cellular equivalences. 

Next we establish the Quillen equivalence in (2); the arguments are very similar for (3). 
Since M and M are stable, it follows that the cellularizations are also stable. The Quillen 
adjunction in (1) induces a derived adjunction on the triangulated homotopy categories; 
we show that this is actually a derived equivalence. We consider the full subcategories of 
objects M in Ho(/C-cell-M) and N in Ho(FQ/C-cell-N) such that the unit QM URFQM 
or counit FQURN — )■ RN of the adjunctions are equivalences. Since both derived functors 
are exact and preserve coproducts, these are localizing subcategories. Since for each A in 
/C the unit is an equivalence and /C is a set of generators by Proposition IA.5t the unit is 
an equivalence on all of Ho(/C-cell-M). It follows that the counit is also an equivalence for 
each object N = FQA in FQ)C. Since FQIC is a set of generators for Ho(FQ/C-cell-N), the 
counit is also always an equivalence. Statement (2) follows. □ 

Note that if F and U form a Quillen equivalence on the original categories, then the 
conditions in Proposition IA.6I parts (2) and (3) are automatically satisfied. Thus, they also 
induce Quillen equivalences on the cellularizations. 

Corollary A. 7. Let M and N be right proper Yi-cellular model categories with F : M ^ N 
a Quillen equivalence with right adjoint U. Let Q be a cofibrant replacement functor in M 
and R a fibrant replacement functor in N. 

(1) Let K, = {Aa} be a set of compact objects in M, with FQIC = {FQAa} the corre- 
sponding set of objects in N. Then F and U induce a Quillen equivalence between the 
K- cellularization o/M and the FQK-cellularization ofN: 

IC-cell-M FQJC-cell-N 

(2) Let J = {B(^} be a set of compact objects in N, with URJ = {URBi^} the corre- 
sponding set of objects in N. Then F and U induce a Quillen equivalence between the 
J -cellularization ofN and the U RJ -cellularization of Ml: 

URJ-cell-M ~Q J-cell-N 

In [281 2.3] Hovey gives criteria for when localizations preserve Quillen equivalences. Since 
cellularization is dual to localization, this corollary also follows from the dual of Hovey's 
statement. 

Appendix B. Diagram-injective model structures 

In this section we develop diagram-projective and diagram-injective model structures for a 
generalized category of diagrams where the category at each spot in the diagram is allowed to 
vary. As we see in Remark IB . 71 b elow . one example of such a generalized category of diagrams 
is the category of module spectra over a spectral category (ring spectrum with many objects), 
[13| 3.3.2]. In that case, the diagram-projective (or standard) model structure agrees with 
the one developed in |l3l A. 1.1] and has objectwise weak equivalences and fibrations; see 
also [IJ. In contrast, the diagram-injective model structure here has weak equivalences and 
cofibrations determined at each object. These are the analogues of the model structures for 
diagrams over direct and inverse small categories developed, for example, in [271 5.1.3]. 
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We restrict our attention here to the diagrams indexed on small direct (or inverse) cate- 
gories. Let D be a small direct category with a fixed linear extension d : — )■ A for some 
ordinal A. Note that if T){i,j) is non-empty then d{i) < d{j). Let M be a diagram of model 
categories indexed by D; that is, for each z G D a model category M(i) and for each a : i — )■ j 
in D a left Quillen functor Fa : M(i) — )• M(j) (with right adjoint Ga) such that the diagram 
commutes. Then a diagram X over M (or "M-diagram") specifies for each object i in D an 
object X{i) of M(i) and for each morphism a : i — )• j in D a map X{a) : FaX{i) — )■ X{j) such 
that the diagrams commute. Let Dj be the category of all non-identity maps with codomain 
i in D. Then any diagram X induces a functor Xj from Dj to M(i) by taking a : j — )• i in 
Dj to FaX{j). Define the latching space functor, LiX as the direct limit in M(z), 

LiX = lim Xi. 

In the dual situation where D is a small inverse category, we consider the same diagram 
of model categories M and the same category of diagrams X over M. Note, here again each 
a : z — )■ j in D is assigned to a left Quillen functor Fa : M(z) — )■ M(j) with right adjoint 
Ga- Let D* be the category of all non-identity maps with domain i in D. Then any diagram 
X induces a functor X* from D* to M(i) by taking a : i — )■ j in D* to GaX{j). Define the 
matching space functor, MjX as the inverse limit in M.{i) of X*. 

Theorem B.l. Assume given a category D and a diagram of model categories, M, indexed 
on D as above. 

(i) If Y) is a direct category, then there is a diagram-pro jective model structure on the 
category of diagrams overM with objectwise weak equivalences and fibrations; that is, X Y 
is a weak equivalence (or fibration) if X{i) — )■ Y{i) is an underlying weak equivalence (or 
fibration) in M.{i) for all i. This map is a (trivial) cofibration if and only if the induced map 
X{i) Y[l X ~^ ^{^) ^■^ ^ (trivial) cofibration in M(i) for all i. 

(a) If T) is an inverse category, then there is a diagram- injective model structure on 
the category of diagrams over M with objectwise weak equivalences and cofibrations; that 
is, X Y is a weak equivalence (or cofibration) if X{i) — )■ Y{i) is an underlying weak 
equivalence (or cofibration) in M(i) for all i. This map is a (trivial) fibration if and only if 
the induced map X(i) — i- Y{i) x^^y MiX is a (trivial) fibration in M(i) for all i. 

Proof: The verification of the axioms follows the same outline as in [271 5.1.3]. The only 
difference is that here the ambient category changes at each object in D. Instead of repeating 
these arguments, we give some of the details for these changing categories. As in [271 5.L3] 
we consider only the diagram-projective or direct category case, since the diagram-injective 
or inverse category case is dual. 

Define D</3 as the full subcategory of D on all objects i such that d{i) < f3. Then let M<^ 
denote the diagram of model categories induced by the restriction of M to D</3. Similarly, 
for any M diagram X, the restriction to D</3 gives an M</3 diagram X<^. Given these 
definitions, the lifting axioms follow by induction as in [27t 5.1.4], by producing lifts for the 
various restrictions to M<^ diagrams. Note that at the successor ordinal case the relevant 
commutative diagram is just a usual lifting problem in M(i). 

To complete the verification of the model structure we follow the proof of [271 5.1.3]. 
This proof uses [271 5.1.5] to consider maps of the form LiA — )■ LiB. The key point for 
the analogous statement here is to use the right adjoint Gi of the functor Lj (instead of 
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the constant functor.) For an object X in M(2), the M diagram GiX at a G Dj is GaX. 
Since each Ga is a right Quillen functor, Gi takes (trivial) fibrations to objectwise (trivial) 
fibrations just as was required of the constant functor. 

The only other change needed in the proof of j^Tl 5.1.3] is that for the induction step in 
the construction of the functorial factorizations one uses factorization in M(i) to factor the 



Remark B.2. In [30] Reedy diagrams are considered where the model structure is allowed 
to vary although the underlying category does not vary. Johnson's results point to the 
possibility that one could further generalize the theorem above to consider Reedy diagram 
categories. 

In this paper, we only consider diagram categories D with at most one map between 
any two objects. Restricting to this situation simplifies the arguments for the following 
proposition. 

Proposition B.3. Let Y) he a direct (or inverse) category with at most one map between 
any two objects. Consider, as above, a diagram M over D of proper and cellular model 
categories. Then the two model structures of diagrams over M defined in Theorem \B. 1\ are 
proper, cellular model categories. 

Proof: We first establish properness. In the diagram-projective case fibrations and weak 
equivalences are defined objectwise and one can show that any cofibration induces an object- 
wise cofibration. Since pullbacks and pushouts are constructed at each object and M(i) is 
assumed to be a proper model structure for each i, properness follows. The diagram-injective 
case is dual. 

Next we show these model structures are cellular. We use Hirschhorn's treatment of 
Reedy categories here [26l Chapter 15]. Note that a direct category is an example of a 
Reedy category with no morphisms that lower degrees. Here the matching categories are 
empty so that the matching objects are just the terminal object. Thus the Reedy fibrations 
are just the objectwise fibrations and the Reedy model structure [2S1 15.3.4] agrees with the 
diagram-projective model structure defined above. The arguments for an inverse category 
are dual. 

Next we define the generating (trivial) cofibrations. Given an object X in M(2), define the 
free M diagram generated by X at i to be J^x{j) = FaX when D(i,j) = {a} is non-empty 
and the initial object otherwise. In [26| 15.6.18], the boundary SJ-"* of a free functor is 
defined for general Reedy categories and uses a non-identity map in D which lowers degree. 
This definition simplifies here; for D a direct category, dJ^^ is the diagram of initial objects 
since no map lowers degree and for D an inverse category dJ^xU) — for D(i, j) = {a} 
with i ^ j and is the initial object otherwise. Given a map f : A ^ B m M(i), let RF^j 
denote the M diagram map 

Note, for D a direct category, is just T\ — ?■ Let Jj denote the generating cofibrations 
for M(i). Let RFf denote the set of maps i?-Fj for all maps / in Jj for all i in D. Define TiF^ 
similarly based on the sets J, of generating trivial cofibrations for M(i). By |2Sl 15.6.27], 
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both the diagram-pro jective and the diagram-injective model structure on M diagrams are 
cofibrantly generated with generating cofibrations RFP and generating trivial cofibrations 

Finally, |2S1 15.7.6] estabhshes the additional conditions for showing this is a cellular model 
category given that each category M(i) is a cellular model category. □ 

We end this section with an application of the Cellularization Principle, Proposition IA.6t 
which is a general model for many of its applications in this paper. Assume given an inverse 
category D with at most one morphism in each D(i,j) and a diagram of ring spectra, R, 
indexed on D. We consider the associated diagram of model categories M with M(z) the 
model category of -R(i)-module spectra and Fa = R{j) A/j(i) (— ) the left Quillen functor 
given by extension of scalars. We refer to M-diagrams as -R-modules. Here, we compare 
the diagram-injective model category of i?-modules with modules over the homotopy inverse 
limit of the diagram R. By |26l 19.9.1], the homotopy inverse limit of R is the inverse 
limit of a fibrant replacement of R in the diagram-injective model category of D-diagrams 
of ring spectra. This model structure exists by [271 5.1.3]; see also [261 15.3.4] since an 
inverse category is a particular example of a Reedy category. Let g : R ^ fR be this 
fibrant replacement and let R denote the inverse limit over D of fR. We then compare 
i?-modules and i?-modules via the category of /i?-modules. Since R — )■ fR is an objectwise 
weak equivalence, there is a Quillen equivalence between i?-modules and /i?-modules by 
Lemma IB. 51 below. We also establish below a Quillen adjunction between i?-modules and 
/i?-modules which is a Quillen equivalence after cellularization. This leads to the following 
statement. 

Proposition B.4. There is a zig-zag of Quillen equivalences between the category of R- 
modules and the cellularization with respect to R of R-modules. 

R-mod ~Q R-cell-R-mod 

We first need the following lemma. 

Lemma B.5. Assume given L : M — )■ N a map of diagrams of model categories over a 
direct category D. // each L{i) : Wl{i) — > N{i) is a left Quillen equivalence, then L induces 
a Quillen equivalence between the diagram-projective model structures between the associated 
categories of M and N diagrams. If D is an inverse category, the corresponding statement 
holds for diagram-injective model structures. 

Proof: This follows since a cofibrant or fibrant M diagram is objectwise cofibrant or fibrant 
in either the diagram-projective or diagram-injective model structure. Namely, given a cofi- 
brant M diagram X and a fibrant N diagram Y, a map LX — )■ y is an objectwise weak 
equivalence if and only if X — )■ RY is an objectwise weak equivalence since L and its right 
adjoint R are objectwise Quillen equivalences. □ 

Proof of Proposition IB.4t Since g : R ^ fR is an objectwise weak equivalence, and 
extension of scalars along weak equivalences of ring spectra induce Quillen equivalences, 
the associated diagram module categories are Quillen equivalent by Lemma IB.5[ By Corol- 
lary I A. 71 this induces a Quillen equivalence on the cellularizations of the diagram-injective 
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model structures 



i?-cell-i?-mod ~q /-R-cell-/-R-mod 

since R is cofibrant in /2-modules and extension of scalars takes R to f'R. 

Next we compare i?-modules and /i?-modules. Since R is the inverse limit of fR, any 
/i?-module M defines an underlying D diagram of -R-modules M. Denote the inverse limit 
of M by M. The functor fR — is left adjoint to this inverse limit functor and takes an 
R module N to the /i?-module with fR{i) at i G D. Since extension of scalars for 

a map of ring spectra is a left Quillen functor and cofibrations and weak equivalences are 
defined objectwise, fR (87^ — is a left Quillen functor. We next apply the Cellularization 
Principle, Proposition IA.6I (2), to this Quillen adjunction to induce a Quillen equivalence 
on the appropriate cellularizations. Note that R is cofibrant as an i?-module and applying 
extension of scalars to it gives fR. Since fR is diagram-injective fibrant as a diagram of ring 
spectra, it is also diagram-injective fibrant as an /i?-module. Since R is the inverse limit of 
fR, cellularization induces a Quillen equivalence. 

i?-cell-i?-mod ~q /_R-cell-/-R-mod 

Since R is already a cofibrant generator of i?-modules, the cellular weak equivalences and 
fibrations in i?-cell-i?-modules agree with those before cellularization. Thus the cellulariza- 
tion of the model structure on the left is unnecessary and the statement follows. □ 



Remark B.6. We want to point out that when D is the indexing category for pullback 
shaped diagrams, the model category i?-cell-i?-mod is similar to the homotopy fibre product 
homotopy theory considered in [6] and |l8]. In this particular case though we can identify 
this more simply as i?-modules. 

Remark B.7. Here we consider an inverse category D with at most one morphism in each 
D(z, j). In this remark, we note that the categories of module spectra over diagrams of ring 
spectra over D considered in the end of this section are equivalent to categories of module 
spectra over spectral categories (ring spectra with many objects.) If D(z,j) is non-empty 
then the map R{i) — )■ R{j) makes R{j) an i?(i)-module. There is an associated spectral 
category indexed on the objects of D which we also denote by R with R{i,i) the ring R{i), 
R{i,j) trivial when D{i,j) is empty, and R{i,j) the R{j) - R{i) bimodule R{j) when D(i, j) 
is non-empty. 

A (left) module M over i? is a covariant spectrally enriched functor from R to Spectra. 
The data needed to specify such a module is exactly the same as given for a module over 
the associated diagram R. First, for each object i in D, M{i) is an R{i,i){= R{i)) module 
spectrum and for each morphism a : i — )■ j in D the module structure specifies a map 
R{i,j) M{i) M(j). Since -R(i, j) = R{j), this is the required map FaM{i) M{j) 

where Fa is extension of scalars over R{i) -> R{j)- 

We consider covariant functors here because this eases the comparison with diagrams 
even though this differs from the right modules (or contravariant functors) considered in 
3.3.2]. 

74 



Appendix C. Doubly injective model structures 



In this section we develop a model structure on the category of modules over a DGA 
with many objects, R-mod, with weak equivalences determined objectwise and cofibrations 
the monomorphisms. This coincides with the doubly injective, or diagram-injective and 
algebraically injective, model structure discussed in Section 116. B[ 

Proposition C.l. The doubly injective model structure on R-mod, with objectwise weak 
equivalences and cofibrations the monomorphisms is a combinatorial Quillen model category. 

This is a special case of the more general result in [23] which shows that combinatorial 
model structures satisfying certain mild hypotheses have Quillen equivalent model structures 
with cofibrations the monomorphisms (and the same weak equivalences). Here we start with 
the standard model structure on i?-mod with objectwise weak equivalences and fibrations 
from Ha 6.1] and HSl 3.1]. 

To prove this proposition we use Smith's argument for constructing combinatorial model 
categories; this first appeared in [5l 1.7], but is also similar to [SU A. 2. 6. 8] and ^40^ 4.3]. A 
model structure is combinatorial if it is cofibrantly generated and the underlying category 
is locally presentable. The underlying category of R-mod is locally presentable; this follows 
by [51 3.10], for example, since this category is a Grothendieck abelian category and has a 
generator (the coproduct of the free modules at each object). The standard model structure 
on i?-mod from [13!, 6.1] is then combinatorial since it is cofibrantly generated. 
Proof of Proposition IC.lt To use [51 1.7] to establish the doubly injective model struc- 
ture, we must first establish a set of morphisms I which generates the monomorphisms. Such 
a set I exists by [5, 1.12] since i?-mod is locally presentable, monomorphisms here are closed 
under transfinite compositions, and subobjects have effective unions. 

We now verify the criteria listed in [51 1.7] for W the object-wise quasi-isomorphisms and 
/ this set which generates the monomorphisms. Since W is the class of weak equivalences in 
the standard model category structure on i?-mod, it follows that W is closed under retracts, 
has the 2-out-of-3 property, and is accessible by [311 A. 2. 6. 6] or [iQl 4.1] and hence satisfies 
the solution set condition [5l 1.15]. We next consider the class of maps inj(J), those maps 
with the right lifting property with respect to the set /. This class agrees with the class 
with the right lifting property with respect to all monomorphisms by [51 1.3]. Since the 
cofibrations in the standard model structure are monomorphisms, any map in inj(J) will be 
a weak equivalence (in fact, a trivial fibration in the standard model structure.) Finally, one 
can check that the class of weak equivalences which are also monomorphisms is closed under 
transfinite composition and pushouts. □ 
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